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Consider the convolution model Y, = Xy, +e¢, k= 1,... ,n, where the (Xy)’s and the (gi)’s,
are two independent sequences of independent and identically distributed random variables, the
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1. Introduction
Consider the convolution model

Y = Xi + €k, k=1,...,n,

where the (X})’s and the (g1)’s are two independent sequences of independent
and identically distributed (i.i.d.) real-valued random variables, the (X})’s with
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unknown density g with respect to the Lebesgue measure on R and the (gg)’s
having the Gaussian density f. with zero mean and unit variance. In this model we
alm at estimating linear integral functionals of the unknown density g of the form

Ty (y) = / f@g(@) ez —y)dr  for yeR,

where f is a known function, using the observations Yi,...,Y,,. We focus here
on the cases where f is either a polynomial or a trigonometric function with a
particular interest to the special case f = 1 corresponding to the density h of the
observations Y7,...,Y,, which is, due to independence between Xj and e, given
by the convolution product

hMy) =g f-(y) Z/g(m)fg(az—y)da: for yeR.

Let us first motivate the interest in those functionals. Consider a nonlinear
structural errors-in-variables regression model described by the observation of the
random variables (Z1,Y1),...,(Z,,Y,) satisfying the relations

Zy = fpo(Xp) +nr, Ye=Xp+er, k=1,...,n,

where the function f is known up to a finite-dimensional parameter 5% and the
errors (n1,€1),..., (n,€n) are centered, i.i.d., with respective variances 072] and
02 = 1 for the sake of simplicity. We assume furthermore that the errors (e) are
normally distributed. The sequence (Xj)1<k<n is not observed and is a sequence of
ii.d. random variables with unknown density g. Moreover, the sequences (X)x>0,
(M) k>0, and (e)k>0 are independent. In this errors-in-variables regression model,
the purpose is to estimate the parameter 3° in the presence of the unknown density
g of the unobserved variables considered as a nuisance parameter. In this context,
Taupin [21] proposed an estimator of this parameter 3° based on the criterion

% S W (Y)[Zi - E(f5(X) | Vi),
=1

W (-) being a compactly supported weight function, where the conditional expecta-
tion E (f3(X;) | Y;) is replaced by a nonparametric estimator based on the sample
Y1,...,Y,. Denoting by X, Y, and e the generic variables, and using the indepen-
dence between X and e, the conditional expectation E (fg(X) | Y) can be written

) _ S fs@)g(@) fe(Y —2)dx Ty (Y)
HEO T = [o@)f-(Y —x)dz — h(Y)

Taupin [21] proposed an estimator of this conditional expectation obtained by es-
timating separately the numerator and the denominator. In particular, she con-
structed an estimator of this functional I'; for general functions f and gave the cor-
responding upper bounds on the pointwise quadratic risk and on uniform-risk for
various classes of functions f such as polynomial functions, exponential functions,
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trigonometric functions, and more generally functions f admitting an analytic con-
tinuation into a strip B, = {z + iy; (z,y) € R?, |y| < v}, or functions f belonging
to Sobolev classes.

The upper bound for the rate of convergence of the estimator of 3° may depend
on the asymptotic properties of the pointwise quadratic risk and of the LL..-risk
of the estimator of I'y. Therefore it is of interest to study deeply the estimation
problem of such functionals.

The estimator. The functional I'f is simply estimated by a plug-in deconvolu-
tion kernel density estimator as given in Fan [11] or Butucea [4], that is

1) By nlwo) = / £(@)f- o — 2)5i(x) o
C n
ith n = — 1))
with g ( - g Zi))
where f(v*( t) = K*(t)/fr(tCy), K being a kernel to be chosen, (Cp)n>0 is a
sequence increasing to infinity, and u*(¢) = [ exp(itz)u(x)dz denotes the Fourier

transform of u. The choice of the kernel will be adapted to the function f in I'y,
but has to satisfy the following conditions.

[K1] The Fourier transform K* of K has a bounded support and |K*| < 1;_; ;.

[K2] The kernel K belongs to Lo(R) and is an even function.

[K3] K*(t) =1 for any ¢ in [—1,1] and K* is nonnegative.
Condition [K1] ensures, in particular, the existence of the deconvolution density
estimator g, and consequently also the existence of T's,,. Condition [K2] ensures
that the Fourier transform of the kernel is an even real-valued function, and Con-
dition [K3] allows the control of the bias term since |1 — K*(t)| < 1}4>1, for all ¢.
The so-called sine kernel defined by

(2) S(z) =sin(z)/(rz), =z €R, with  S*(t) = 1;_1,41(t),

satisfies Conditions [K1]—[K3]. Since the kernel S is not integrable, we may prefer,
for instance, a kernel, called the analogue of the de La Vallée-Poussin kernel (see
Nikol’skii [16]), defined for all z in R by

1 ift e [~1,1],
3) V()= @ s e = o if |t] > 2,

T2 )
2t iffef e [1,2],
which satisfies Conditions [K1]-[K3] and belongs to L;(R). Subsequently, S will
denote the sine kernel and V' the de La Vallée-Poussin kernel. It is easy to see
that, according to Parseval’s Formula, It ,(yo) is the same estimator as the one
proposed by Taupin [21]. Tt is also noteworthy that when f = 1 we have T'; = h,
and h,(yo) is simply a kernel density estimator based on the kernel K, so that h%k),
k=0,...,¢,is also given by
~ 1< Ck+1 "

(4) WP (yo) = - Z K (yo —Y;) = ZK w(yo — Y5)),

j=1
where K, (-) = C, K(Cy).
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Our aim is to provide lower bounds for the minimax risk with respect to various
loss functions, and to show that the estimator defined by (1) achieves those optimal
rates of convergence when f is either a polynomial function or a trigonometric
function. Note that when f is an exponential function, we have the relation I'f (y) =
[ exp(Bx)g(x) f-(x — y) dz = exp(yB + (3%/2)h(y + 3), and therefore estimating I'y
corresponds to a special case of estimating h.

Minimax risks. We consider various minimax risks: the pointwise minimax
quadratic risk for the estimation of ' (yo) when yq is fixed and the minimax L, (R)-
risk (2 < p < oo) for the global estimation of I'y. Denote by G the set of probability
densities g with respect to the Lebesgue measure on R and by H the set of densities
written as the convolution of a density g in G with the standard Gaussian density
fe, that is

g{g;gZO,Ag(x)dxl}, H{g*fs;QZO,Ag(w)dxl}~

For a fixed function f, Gy denotes the set of densities g for which the linear func-
tional I'y exists, that is

Gs = {9 € G such that Wy € R, f()g()f-(- —y) € Li®)}.

Note that when f is a polynomial function of degree ¢, the functionals I'f are
defined for densities g in G; having at least £ finite moments. This condition relies
on the fact that we use the functional I'; to estimate E (f(X) | Y) and then when
f is a polynomial function of degree ¢, we need that E (|X|°) < co. When f is a
trigonometric function, the functional I'¢ exists for any density g.

The pointwise minimax quadratic risk over the set G is defined for any yo € R
by

R, (f,yo0) = inf sup EV2[[4(yo) — T0]%,
Tn gegy

where the infimum is taken over all the estimators 7;,, based on the observations
Yi,...,Y,. In the same way, the minimax L, (R)-risk is defined by

Ry p(f) =inf sup E HFf — Tullp, 2<p<oo
Tn gEQf

where the infimum is taken over all the estimators 7T, based on the observations
1
Yi,..., Yo, and where [ull, = [f Ju()? da]""” and Jull o« = sup,cs [u()].

Previous results. Let us present previous results starting with the particular
case f =1 corresponding to the problem of estimating the density h = f. x g. Take
K =5 and C,, = y/logn. Then by classical calculations on kernel estimation (see
Ibragimov and Hasminskii [15] and Taupin [21]) the following results hold:

. Vvn 1/2 2
hflnfolip Togn) /7 }SzlelgE [ (y0) — h(yo)]~ < +o0,
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and

. N -~
lims ap E |y, — Ala < +00.
P (logn)t/*\/loglogn ZEE ” oo o

Note that, due to the structure of the convolution model, the regularity of the
density h is determined by the density of €’s, which is supposed to be the stan-
dard Gaussian density. Then the density f. * g has obviously strong smoothness
properties.

First, the class H is embedded into the totally bounded (with respect to the
La(R)-norm) set A, of analytic densities on the strip B, = {z + iy; (z,y) €
R?, |y| < v} satisfying [(Reh(z + iv))?dz < C,, where Re(z) denotes the real
part of the complex number z. Golubev and Levit [14] proved that the optimal
rate of convergence of the quadratic risk over this class is of order y/logn/+/n,
which implies that the order of the minimax quadratic risk on H is less than or
equal to v/logn/y/n. Secondly, by the fact that |(f. * g)*| < fZ, the class H is
contained in the even smaller class B ;/2(2), where the class B ,(r) is defined as
Ba,y(r) = {¢ density; [¢*(t)] < Ae?l"}. These smoothness classes have been
considered by Davis [9, 10], and lately by Levit' and Artiles Martinez (see [1] and
[2]). Since the minimax quadratic risk for estimating a density over the class B ,(r)
is of order (logn)Y/(?) /\/n, the minimax quadratic risk on H is less than or equal
to (logn)'/*/y/n. Taupin [20] established a lower bound for the minimax quadratic
risk over the class H, which shows that the (logn)'/*/\/n rate cannot be further
improved.

The results obtained for the estimation of h lead us to make some remarks about
the convolution model.

The smoothness properties of h come from the convolution, i = f.*g, of a density
g with the Gaussian density, without any additional assumption on g. Therefore
adaptivity is not of our concern since our density h has a regularity which does not
depend on unknown parameters.

Secondly, we would like to stress the difference between our objective and the
one in deconvolution problems. In the latter case the purpose is to estimate the
density g of X. It is known that the slowest rates of convergence for estimating g are
obtained for the smoothest error densities, whereas the faster rates of convergence
for estimating h = g * f. are obtained for the smoothest errors densities. We refer,
e.g., to Pensky and Vidakovic [17], Cator [6], Butucea [4], Butucea and Tsybakov [5]
or Comte and Taupin [7] for recent results on deconvolution density estimation.

We now turn to the problem of estimating I' ¢ focusing on polynomial and trigono-
metric functions f. In the polynomial case, when f(x) = Zi:o Bra® with £ > 1
and 8 = (Bo,- -, Pe) a fixed (¢ 4 1)-tuple of real numbers, Taupin [21] established
the following upper bounds: for any yo in R, if C,, = y/logn and K = S in fﬁn
defined by (1), then

| Vi x
timsup ST (o) = Tyl < o0,

IMay 1996, talk at the Ecole Normale in Paris (ULM). Unpublished
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and if Z¢ denotes any compact subset of R,

| i :

Note that, due to the fact that the errors ¢ are Gaussian, for a polynomial
function f the functional I'y can be related to the derivatives of A up to order ¢
(see Lemma 2.1). Therefore the problem of estimating I'f is related to the problem
of estimating the derivatives of the density i up to order /.

When f(z) = Zi:o By cos(kx) or f(z) = Zi:o B sin(kx) with £ > 1 and 8 =
(Bos - -, Be) a fixed (¢ + 1)-tuple of real numbers, Taupin [21] proved the following
upper bounds: for any yo in R, if C,, = /logn and K = S in ff,n defined by (1),

then
vn

limsup —————=—E 1/2[ff7n(y0> - Ff(yo)]2 < 00,

nooo exp{ly/logn}

and if Z¢ denotes any compact subset of R, then

. Vvn ~
lim su E|lsup |[I's,(y) —T < 00.
e ey e [ye P Ty (y) = Tr(y)l]

Taupin [21] noticed that for general f, the smoother is f the faster is the rate
of convergence for the estimation of I'y. In both cases considered (polynomial or
trigonometric functions), f admits an analytic continuation in the whole complex
plane and so does the functional I'y but the rates of convergence are really different.
We will show in this paper that these rates cannot be essentially improved (see
below).

Results. Our aim here is threefold. First, we improve the existing upper bounds
with respect to the uniform norm. As a matter of fact, these previous bounds were
obtained for y lying in a compact set and were not optimal. We give new upper
bounds for the uniform norm on R when f is a polynomial or a trigonometric
function. Secondly, we extend those results by giving upper bounds for L,(R)-
risks, when 2 < p < oco. Finally, our main contribution concerns lower bounds.
We prove that all these rates of convergence obtained in the polynomial case are
optimal in the minimax sense (pointwise and for L,(R)-risks, 2 < p < o0), and
are nearly optimal in the trigonometric case (pointwise and for L. (R)-risks), in
the sense that there is a small loss in lower bounds, negligible with respect to the
dominating term in the rate of convergence.

This paper is organized as follows. Section 2 presents some elementary prop-
erties of I'y and T rn in the cases we are interested in. In Section 3, we give the
results about pointwise estimation, starting by recalling previous results on up-
per bounds and then giving lower bounds. In Sections 4 and 5 we deal with the
problem of estimation with respect to L, (R)-risk, when 2 < p < oo, starting with
upper bounds (Section 4) and finally establishing the optimality properties of our
estimator through lower bounds (Section 5). The proofs are presented in Sections 6
and 7 (for the main results) and in Section 8 (for technical lemmas).
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2. Some Properties of our Functionals

Subsequently, we will denote by Pg , any polynomial function of the form Pg :
T — Zﬁ:o B;x? with (B, different from zero. In the same way, we will denote
by Cg.e, £ > 1, any linear combination of cosine functions of the form Cg¢: = —
Zf:o Bj cos(jz) and similarly Sge: = +— Eﬁ:o B;sin(jz), with 3, different from
zero. In both cases £ is a fixed integer and the parameters (5;)o<;<¢ are real fixed
numbers. These particular forms of the function f considered here imply that the
corresponding functional I' satisfies some useful formulae given below.

Lemma 2.1. For a fized integer ¢ let f be of type Pg e, then there exist poly-
nomial functions {Qp;} for 1 < j < of degree deg(Qp,;) = j such that for all y
in R

-1

(5) Tr(y) = Beh (W) + > Que—is)h®(y),  forall yeR.
k=0

Moreover, the corresponding estimator ff,n defined by (1) satisfies

—1
(6) Trn(y) = B0 + 3 Qae-c )™ (y),  forall yeR.
k=0

This lemma follows immediately from the following remarks. Denoting I'y(y) =
[ 2k f.(x — y)g(z) dx, we have the recurrence formula I'y(y) = [(z — y)¥f.(x —
y)g(x)dr + Zf;é (’;) y*=IT;(z). Moreover, there exist coefficients {a;} such that
R (y) = [(x — y)* fo(z — y)g(x) dz + Zf;é aj [(x —y) f-(x — y)g(z) dz. This
gives the result for I'y and the proof of (6) follows the same lines. Consequently,
when f is a polynomial function of degree ¢, the estimation of the functional I'¢ is

a problem equivalent to the estimation of the derivatives h(*) up to order £. We
now turn to the trigonometric case.

Lemma 2.2. For a fized integer £ > 1 let f be of type Cge. Consider the
functional Ty, its estimator I'y,,, defined by (1), and h, defined by (4). Then we
have

-2
e—JI°/2

2

[€9Yh(y + ij) + e Yh(y — ij)] ,

e—i%/2 [

¥4
(8) Cra(y) = B Py + i) + ey — )]

Analogously, when f is of type Sg ¢, we get

¢ eijz/z ijy .. —ijy ..
9) Tp(y) =D Bj—5— [¢""hly +ij) — e "h(y —ij)]
j=0
e—i%/2

L
(10)  Tral) = Y8 5 [l + i) — ¢ Phaly — )]
j=0
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This lemma follows from the fact that h is the convolution of a density with
the Gaussian density, and hence it admits an analytic continuation on the whole
complex plane. Therefore, the results follow by writing that if f(z) = cos(jz) =
lexp(ijx) + exp(—ijx)]/2, then T'f(y) can also be written as

—3%/2 y y y y
Ly(y) = 62 o {/6”3’6_(“”_@2/29(33) dx—l—/e_zjye_(y_zj_m)2/zg(m) dx
-i*2 .
=¢ eTVh(y + ij) + e IVh(y —ij)] .
9 yrv y—u

Any kernel K satisfying Conditions [K1]-[K3] also admits an analytic contin-
uation on the whole complex plane, so that the formulae are also valid for the
estimator I'y .

Remark 1. Formulae (5) to (10) are useful for obtaining lower bounds, espe-
cially for constructing sub-families related to the density h.

3. Pointwise Estimation: Upper and Lower Bounds

We first consider polynomial functions, starting by recalling the results by Tau-
pin [21] about upper bounds for the pointwise quadratic risk and then giving the
corresponding lower bounds.

Proposition 3.1. (Consequence of Proposition 3.1 in Taupin [21].) Fiz an
integer £ > 1 and a polynomial function f of type Pge. Consider the estimator

ff,n defined by (1) with the kernel S defined by (2) and the bandwidth C,, = v/logn.
Then for all yo in R,

L (N Vi g :
( h(yo) > (1ogn)<2€+1)/4E/ [nyn(yo)_rf(yo)} <1

lim sup sup
n—oo gegy |5€|

The following theorem states that this rate of convergence is the best achievable
one and hence the estimator defined by (1) achieves it.

Theorem 3.1. Fix an integer £ > 1 and a real number yo. Then there exists a
density ho in H such that

o Vn 1/2 () : ho(yo) )
_vn _ > ) -
lim Infipf sup (Tog ) D71 {T” h (yO)] T Am(20+1)

Furthermore, if f is a polynomial function of type Pg e, then

PR e, Tlogm) A

B2 [T, — ()] = [8e] o) "
- m(20+1)
These infima are taken over all estimators T,, based on the observations Y1,...,Y,.

Remark 2. Note that the rate obtained in Theorem 3.1 is optimal but with a
constant different from the one obtained in Proposition 3.1. Nevertheless, it seems



Estimation of Functionals in the Convolution Model 9

that it cannot be further improved for all g € G¢. Indeed, as noticed above, these
bounds hold whatever be the density g, without additional assumptions on g. We
could have the same constants in the upper and lower bounds if we restricted g to
belong to a smoothness class. Then we would obtain a local minimax asymptotic
result. Without smoothness constraints on g, it seems that there is no hope to
obtain the constant h(yp)/[w(2¢+ 1)] in both bounds.

The lower bound when ¢ = 0 was obtained by Taupin [20]. The main tool in the
proof is the van Trees inequality (see Gill and Levit [13]).

We now turn to trigonometric functions. The upper bound for the pointwise
estimation is given in the following theorem.

Theorem 3.2. (Consequence of Proposition 3.1 in Taupin [13].) For a fized
integer £ > 1 let f be a trigonometric function of the form Cg, or Sgy. Let
Tt. be defined by (1), with the kernel S defined by (2) and the bandwidth C,, =

\/logn - (%) loglogn. Then, for all yo in R,

lim sup sup ]El/z[rf,( 0)— Ff(yo)] <1,

n—oo geG; (ﬂeeﬁ/z[h * @g(yo)|/?

27 ) vn
exp{¢y/logn}

where pi(y) = 1/(y* + €2).

We give a new proof of this theorem based on Lemma 2.2 (which was not used
in [21]). This proof is of interest since it uses techniques specifically related to this
link between trigonometric functionals and the density h.

The following theorem states that the estimator defined by (1) or equivalently
by (8) is “nearly minimax”. As a matter of fact, the upper bound is of order
n~1/2 exp{fy/Togn} and the lower bound of order n='/2(logn)~/*exp{¢\/Togn},
with a loss of order (logn)'/* negligible with respect to the considered rate.

Theorem 3.3. For a fized integer £ > 1 let f be a trigonometric function of

type Cg ¢ or Sg . Then there exists a density ho = go * f- in 'H such that for all yo
m R,

f(logn)/ 1/2 Lo(yo)
li finf ~—=Z _E°IT, -T s 173
Rk e A T L U P e

where the infimum is taken over all the estimators T, based on the observations
Yi,..., Y0, and Do(yo) = [ f(z)g0(x) fo(z — yo) da.

4. Upper Bounds for the ]LP(]R)-Risk

Now we come to our main contribution, that is estimating I'y and h with respect
to L,(R)-norm, when 2 < p < co. We start with upper bounds for the rate of
convergence of the L, (R)-risk before showing that these rates are the best achievable
and that our estimator defined in (1) with suitable kernel essentially achieves these
rates.

4.1. UPPER BOUND OF THE L,(R)-RISK FOR POLYNOMIAL FUNCTIONS. In
this subsection, we are interested in upper bounds for the L, (R)-risk of I'¢ , when f
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is a polynomial function of type Pg ¢, with £ > 1. According to Lemma 2.1, we start
with the rate of convergence of the estimators of the derivatives h(k), 0<k<H/.

Theorem 4.1. Let £ be a fized integer and E%) the estimator defined by (4) with
the kernel V' defined by (3) and the bandwidth C,, = v/logn. If 2 < p < oo, then

o Vn GG,

If p = o0, then

limsup sup vn E|[[2Y — hO|| s < +o0.

n—oo hen (logn)EHD/4 /loglogn

The result for p = oo and ¢ = 0 was obtained by Taupin [21].

Remark 3. The main tool for the proof of upper bounds is Rosenthal’s inequal-
ity with optimal constants. This tool does not allow us to give the exact constant
in these upper bounds.

Now we turn to a general polynomial function f. We start by presenting some
additional conditions needed for the control of the L, (R)-risks related to the esti-
mation of zt=*Fh*) (z).

First note that Theorem 4.1 holds for any integrable kernel K satisfying Condi-
tions [K1]—[K3]. And when f is a polynomial function of degree less or equal to
¢, by using Lemma 2.1 and according to (6), we have to choose a kernel admitting
a more regular Fourier transform than V' (which means a kernel admitting more
finite moments) in order to estimate the functional I'y. This new kernel has to
satisfy the following condition.

[K4] For all 0 < k < ¢~ 1 and for all p > 2, the integral [ [z|P¢—F)|K®) (z)P dx
is finite.

Classical analysis results ensure the existence of an integrable kernel satisfying
Conditions [K1]—-[K4] even if Assumption [K4] has to hold for all ¥ € N. Moreover,
Theorem 4.1 still holds with any kernel satisfying Conditions [K1]-[K4].

Secondly, for a polynomial function, the density g has to admit a finite moment
of order pf. Consequently, for any M > 0 and any r > 1, we define the set

G (M) = {geg; /Iyl’"h(y)dySM, Wherehg*fs}

This condition concerns only the densities g since all the moments of the Gaussian
variable are bounded.

Corollary 4.1. For a fized integer £, let f be a polynomial function of type Pg.e.

Consider the estimator fﬁn defined by (1) with a kernel K satisfying [K1]—[K4]
and the bandwidth C,, = v/logn. If 2 < p < 0o, then for any finite Mp, > 0

n
limsup  sup vn

n—00 geng(MpZ) W ]E ||Ff’n N Ff”p < +00.
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If p = oo, for any infinite sequence {Mpe}y, p' > 2, of positive finite numbers
satisfying

(11) My, < VK? exp {(p'/2 — 1)62p/ + (p’)2/2 — (p'/2)logp'}

with V, K positive constants, we have

ET 0 —Tflloo < 400.

lim sup sup — I\/E
=00 gel J, Gpro(Myry) (log n)H1/4\/Toglog n

Remark 4. Note that the second part of Corollary 4.1 improves the result of
Taupin [21] since her result gave an upper bound only for a uniform norm on a
compact set and the rate she gave, namely v/n(logn)~*D/4(logn)~1/2, is slower
than this one. Also observe the classical loss of order y/loglogn between the rate
of convergence of the L, (R)-risk for 2 < p < oo and the rate of the L (R)-risk.

Our result holds when we consider L, (K )-norms on a compact set K without
any condition on E (|Y'[P*). When we consider L, (R)-norms, the uniform control of
the pfth moment of g seems unavoidable. Furthermore, the method used for the
uniform convergence requires the control of these pfth moments for all p, which is
even stronger. Also note that the condition on the growth of the moments E|Y|™
is satisfied for usual distributions admitting all finite moments. In particular, this
condition is fulfilled by distributions satisfying the classical condition E [Y|™ <
VK™ 2m! with V, K positive constants.

4.2. UPPER BOUND OF THE L, (R)-RISK FOR TRIGONOMETRIC FUNCTIONS.

Theorem 4.2. For a given integer £ > 1, let f be a fized trigonometric function
of type Cg ¢ (resp. Sp). Consider I's,, as defined by (1) with the kernel S (defined

by (2)) and the bandwidth C,, = \/10gn — %log logn. If 2 <p < oo, then we have

limsup sup LE Hffn —Ty|lp < +o0.

n—oo geg; exp(fy/logn)

If p = o0, then we have

limsup sup vn E ||ffn —TI'floo < +o0.

n—oo gegy exp(ﬁ\/loﬂ)\/w

Even for trigonometric functions, we observe the classical loss of order y/log log n
between the rate of convergence of the L,(R)-risk for 2 < p < co and the rate of
the Lo (R)-risk.

5. Lower Bounds
5.1. LOWER BOUNDS FOR THE L (R)-RISK. The following theorem gives
the lower bound for the minimax uniform risk over H for the estimation of the
density h of the observations and its derivatives h® when £ > 1.



12 C. Matias and M.-L. Taupin

Theorem 5.1. For any integer £ > 0, we have

o Vv ¢
liminf inf su O — Tl > 0,
n—oo T, heg (log n)(%Jfl)/‘*\/loglognH |
with the infimum taken over all estimators T,, based on the observations Y1,...,Y,.

The following corollary to Theorem 5.1, which is a consequence of Lemma 2.1,
gives the lower bound for the uniform estimation of I'y when f is a polynomial
function.

Corollary 5.1. For an integer £ > 1, let f be a polynomial function of type
Pg,e. Then we have

/i

lim inf 1nf su T -0,
n—oo T, geg (logn) (2¢+1)/4 logIOgTLH f— n”oo
with the infimum taken over all estimators T,, based on the observations Yi,...,Y,.

The next theorem gives the lower bound for the minimax uniform risk when f
is a trigonometric function.

Theorem 5.2. For an integer £ > 1, let f be a trigonometric function of type
Cs,e or Sg. Then we have

vn(logn)?/*

lim inf mf su 'y —T, >0,
n—oo T, geg% exp(£+/Tog n)y/loglogn ITs = Tnllee
with the infimum taken over all estimators T,, based on the observations Y1, ...,Y,.

By comparing Theorems 5.2 and 4.2, we observe, as for the pointwise risk, a
loss of order (log n)3/%, which is negligible with respect to the considered rate of
convergence.

5.2. LOWER BOUNDS FOR THE L,(R)-RISK, 2 < p < 00, FOR POLYNOMIAL
FUNCTIONS. The following theorem gives a lower bound for the minimax L, (R)-risk
over H, for the estimation of the density h and its derivatives h(©) when £ > 1.

Theorem 5.3. For any integer £ > 0 and any p > 2, we have
P Vn 0
R Togmar M Tl >0
with the infimum taken over all estimators T,, based on the observations Y1, ...,Y,.

The following corollary to Theorem 5.3, which is a consequence of Lemma 2.1,
gives a lower bound for the estimation of I'y when f is a polynomial function. Its
proof is a generalization of the methods used in the proof of Theorem 5.3.

Corollary 5.2. For an integer £ > 1, let f be a polynomial function of type
Pg,e. Then, for any 2 < p < oo, we have
Vn

liminf inf sup

g Uy =T,
n—oo Tn geg, (log )(2€+1 /4” I n”p >0,

with the infimum taken over all estimators T,, based on the observations Y1, ...,Y,.
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6. Proofs of Pointwise Results
6.1. PROOF OF POINTWISE RESULTS FOR POLYNOMIAL FUNCTIONS.

6.1.1. Proof of Theorem 3.1 (lower bound for polynomial functions). The first
step of the proof consists in constructing a one-dimensional family of densities
{he,c}j01<0,.» On = Vogn/+/n, contained in H for n large enough. Then we consider

the sub-family {T'g ¢}9j<g, With 6, = v/logn/\/n, where, according to Lemma 2.1,

Tg¢ is given by I'g = ﬁghé@ + Zl,;_:}) Q@g,khé’fg. Therefore, by construction, the

sub-family {I'g ¢}|9|<g, is contained in {I's;g € G} for a polynomial function f of
type Ps.e. The second step consists in applying the van Trees inequality (see Gill
and Levit [13]).

We start by constructing the family of densities. Consider the kernel S, (x) =
C,,S(Cpz) with S(z) = sin(x)/(7wx) and (Cy,)n>0 a sequence of real positive num-
bers tending to infinity. Denote by go the probability density « +— go(x) =
sin?(z)/(wx?), and define gy and hg to be the probability densities

go = g2 * g2 and ho = fe * go.

Moreover, define the normalizing constant
—= (e
(12 520 = [ 890~ whow) du

For some fixed sequence of parameters (6,,),>0 decreasing to zero (to be specified
later), we define the parametric path {hg ¢} 9/<g, by

(13) ho.e(y) = ho(y) {1 +0(SP(yo —y) — i (yo))] ,

for all |f| < 6,, and y € R. Note that the constant gr(f)(yo) ensures that the density
he ¢ integrates to one.

Also note that our path involves the derivative S,(f) of the kernel S,,. The rate
of convergence in this lower bound will be the same if we use S,, instead of Sff).
But the use of S,, would provide a different constant.

Denote by I(6,¢) the Fisher information for the family of probability densities
{ho.e}01<0, given by

(0) <0 2
I(u):/[‘w”(x)rhg,e(x) d;p:/ (S (o —2) =S o))" -0

06 1+ 0(8 (yo — 2) — 5 ()

The following lemma is an immediate extension of a result due to Taupin [20] in case
¢ = 0. It ensures that with an appropriate choice of the parameters (C),),>0 and
(0r)n>0, the family of densities defined by (13) is contained in the set H. Moreover,
it gives an evaluation of the Fisher information of this family.

Condition 1. 6, CH1e(@nt2)%/2 _, g,

n—oo



14 C. Matias and M.-L. Taupin

Lemma 6.1. Under Condition 1 and for large enough n, the path {he ¢} s <o,
is contained in ‘H. Moreover,

2041 ho(yo)
I1(0,0) = C*+ m(1 +o(1))  forall |0]<86,.

We now use the van Trees inequality to get a lower bound for the minimax qua-
dratic risk for the estimation of the derivatives h(¥) and consequently for polynomial
functionals I'¢, by using Lemma 2.1. Let § — Ao(6) be a probability density on
[—1, 1] satisfying A\g(—1) = Ao(1) = 0 such that Ag is continuously differentiable on
] — 1;1]. Its Fisher information is defined by

1 y/72
A0
Iy = / 0 (0) do.
—1 Ao(0)
By rescaling this probability density on the interval [—6,,;0,], we define the prob-

ability density A(0) = 0,71 \o(0;,10) with Fisher information I()\) = 6, 2Iy. For any
fixed yg in R we have

inf sup E [ﬁn —h® (yo)]2 > inf sup E,, [ﬁn — hff%(yo)P
., heH Ton 101<6, ”

+0, R
> it [ Bay (o — )00 PAG) 0,
hy J—0n

where the infima are taken over all the estimators }\Ln based on the observations
Y1,...,Y,. Applying the van Trees inequality [13], we get

(14) inf sup E [ﬁn — hO(yo))?

b, heH
O, ah(@ 2 0, -1
> [ / #A(G) d@] {n / 106, OM(0) d6 + T(N)
—6n —0n

By definition, h((f% satisfies

M d’ =

o0 B W[ho (y)S'SLK) (yO N y)] |y:yo o héé) (yo)sn (yo),

and using that S (0) = C2+18CH(0) = C2+1[1(2¢ + 1)), we obtain

= i ho(yo)(—1)* 59 (0)(1 + o(1)).

Y=Yo

dTJgho(y)Sf(z )(Z/O - y)]

We now use that F,(f) (yo) = S « hg and therefore, for all ¢ in R, the following
equality holds:

(S5 ho — h?) " (8) = (i) R (£) (S5 () = 1)
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Using the properties of the kernel S, and the fact that the function |h*(¢t)| is
bounded by e~t"/2, we get

(15) 15O % by — h(()lf)”Oo < 2(7r)_1C’f;_1e_Ci/2,
which yields

(16) 52 (o) = Rl (o) (1 + 0(1)).

Consequently

On ah(f) 2
U_en %A(G) de} = [ho(yo)cifﬂs(?@(o)ru +o(1)).

Apply Lemma 6.1 to get the following lower bound

inf sup E by — O (go))? > —Cn B (r2L+ D)0 +o(1)
T heH = nC2H by (yo) [ (26 + 1)]~1(1 + o(1)) + 6521y

Maximize this bound under the constraint given by Condition 1 and choose C,, =
Viogn — 2v/2 and 6, = n~'/2\/logn to obtain the desired result for A() and
consequently for I'y by using Lemma 2.1. The result for I'¢ follows by noting that

the previous calculations hold if we replace 8h§2(yo) /06 by Oy ¢(yo)/06. O

6.2. PROOFS OF POINTWISE RESULTS FOR TRIGONOMETRIC FUNCTIONS.
6.2.1. Proof of Theorem 3.2 (upper bound for trigonometric functions). For the
sake of simplicity, we only give the proof for the function f: z — cos(¢z). Using
the triangle inequality, the risk E [T'f.,, (y0) — ' (y0)]? is bounded by the sum of the
squared bias term E [ffyn(yo)] —I't(yo) and the variance term Var(ffm). We start

~

with the bound for the bias E [I'¢ ,(yo)] —I'#(yo), which is, by Lemma 2.2, given by

—j2 A
€ - [e“yo (E S (yo+il— Y1) — h(yo+i)) +e~ % (E S, (yo — il — Y1) fh(yofz‘ﬁ))].

By using Parseval’s identity we infer that for § € {—1;+1}

1 .
or [ e 0 dr

:27r

/ Sy (yo + 6if — 2)h(z) da

1 )
and  Alyo +6it) = / eitv =Sty (1) g,

™

which implies the following bound:

1
|E Sh(yo + 0il — Y1) — h(yo + 8il)| < %/e‘wm*(t)”S’;(t) — 1| dt.
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Hence, by using that S satisfies Conditions [K1]-[K3] we get the bound for the
bias

e_(cn_e)z

. 2 1
(17) ysoue%HE[ s (o)l = Tr(wo)|” < 4 (Cn —0)?

We now come to the variance term. Using the independence of the variables and
Var(X) < E[|X]?] we get

2
e—é

Var(T (o)) < 5 [ElSulo + i€ = Y1) +E|Salyo — it ~ 1) ?].

By definition, setting ¢ in {—1;1}, we get
Eﬁdm+ﬁM—YnP:Cﬁ/ww+MK%WMm+uﬂhMu
with

e2Cn 1 e72tCn _ 2 cos(2u)
12 (@ + 2C2)

Consequently the variance is bounded as follows:

1S(u + §ilC,)|? =

Var(L'f,n(y0)) < du

e C, (e2Cn 4 3) / h(yo + u/Ch)
u? + (2C2

_ e (e +3) / hyo +v)
472n V2 4+ (2

472n

dv.

Combine this inequality with (17) and get the result by choosing

Cn:\/logn—%loglogn. O

6.2.2. Proof of Theorem 3.3 (lower bound for trigonometric functions). We only
give the proof for the function f: z — cos(¢x). To prove this theorem, we consider
the special case {hgo}s|<g, of the path used in the proof of Theorem 3.1, shorten
as {he}g|<s,, and let

—£2/2 )
(18) To(y) = & 5 [ Vholy + i) + e Who(y — iD)).

Under Condition 1, the family {Ag}g|<s, is contained in H, so that by construction
and Lemma 2.2, the family {I'g}jgj<q, belongs to {I'y;g € Gr}. Proceeding as for
polynomial functions, we consider a probability density \o(#) on the interval [—1,1]
with Fisher information given by

FAC(O)
Iy = 0 2 de,
0 /1 Ao(0)
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where A\g(—1) = Ao(1) = 0 and Ag is continuously differentiable on | — 1;1[. Ap-
plying the van Trees inequality we see that the pointwise minimax quadratic risk
is bounded from below as follows:

i sup & T — Ty (yo)]? > { [ Z arg(eyO)A(a) d@] i {n [ Z 1(0)A(6) dO + I(A)] o

The denominator is studied by applying Lemma 6.1 in the proof of Theorem 3.1
with ¢ = 0. Thus, it remains to study the behavior of the numerator. Using
definitions (13) and (18) we get

or e~ /2 . . . . . —=
ggy()): 9 [ewyoho(yow)sn(*w)% ’ey(’ho(yoﬂf)sn(w)]*Fo(yO)Sn(yo),

where Tg(yo) = %6*42/2 [0 ho (yo + il) + e~ ¥ ho(yo — i€)]. Using that the kernel
S is an even function, and applying (16) we get

g (yo)
00

The definition of the kernel S leads to

On oT > To(y)?
{ / 9 g(eyO)A(e)de = LEZ% €O 1+ o(1)],

which, combined with Lemma 6.1, gives that

~ 22\~ 1 2 20C,
inf sup E[T,, — Tf(y0)]? > (4m20%) 1T (o) 2 (1 + o_(;)).
T, g€y nCrho(yo)m=1(1 +o(1)) + 0, 1o

Under Condition 1, choose C,, = v/logn — 2v/2 and 6,, = /logn/\/n to get the
result. O

7. Proofs of results for L,(R)-risk

7.1. PROOFS OF UPPER BOUNDS FOR THE LL,(R)-RISK WHEN 2 < p < c0.

6.2.2. Proof of Theorem 4.1 (upper bound of L, (R)-risk for the density and its
derivatives). By using the triangle inequality, we get

(19) E P —hPll, < IO —ERL |, +E[[AY) —ERD .

The first term in (19) (bias term) ||E?L%) — h®],, is bounded, for 2 < p < oo,
by a method valid for any kernel K satisfying Assumption [K2]. The second term

E ||ﬁ£f) ~ERY ||, for 2 < p < oo is controlled by applying Rosenthal’s inequality [19],
with optimal constants given in Pinelis [18]. The control of E H}Azgf) - ]EE%Z)HOO is
obtained following Ibragimov and Hasminskii [15].
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Let us start with the control of ||EiAL£f) — h||, for 2 < p < oco. Using that
the kernel V' satisfies Conditions [K1]-[K3], we apply the same reasoning as for
inequality (15) to obtain

~ 2 2
IEAL = o = Vi s h = hO oo < —Cp71em /2,
7r
Consider now the case 2 < p < co. For any function u € Ly(R) with v* € L;(R),

(20) [[ullf <

1 —2
= [l (17 )13
(2m)P

Apply this result to the function V;{”) x h— h(® to obtain a bound on ||IEE%) —h9,
when 2 < p < o0,

IV b =m0,

p—2

1 €, —t2/2 ?
< W</t| et/ ly>c, dt)

Note that

1/p
2
(/|t|2fet Ly>c, dt> .

/ |t|£€7t2/21‘t|>cn dt < 20,5716703/2(1 +0(1))

and
/ 2 e 1yn e, dt < C2 e (1 4 0o(1))

to get the bound

1
(21) IV s h — O], < 21/1170[*1“/%*03/2(1 +o(1)).

gl=1/p 7

We now aim at bounding the term E||ﬁ5f) - EE%)HP for 2 < p < oo. Write
Eff) —E hgf) as a sum of independent random variables

A~ i 1 -
(10 ~ERD) (@) = - 320, Y)),
j=1

where the random variables X\ (x,Y;) are centered and defined by 0 (x,Y;) =
V,EZ)(x -Y;) - EV," (z — Y;). Using the concavity of the function z — x'/? for
p > 1 and applying Fubini’s Theorem we infer that

—~ —~ 1 <
22) B - BRI, =E| 1 340 ¥)
=1

/s

p

P 1/p
dm] .

1 n
E Z Xr(f) (337 YJ)
j=1
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We now apply Rosenthal’s inequality, with optimal constants as given in Pinelis [18],
to the quantity E [n~* > Xrgé)(a:, Yj)|p. We will see later that the optimal con-
stants are useful in the case p = oc.

Lemma 7.1 (Corollary 1 in [18]). Let Xi,...,X, be n independent centered
random variables. Put S, = X1 + ---+ X, and X} = maxi<;<y, | X;|. Then there
exists an absolute constant K such that, for all p > 1,

EYP|S,P < kley/PEY?|S,)? + pEM/P| X [P].

An immediate consequence of this inequality is that

S|P

n

1/p
(23) E < i

er
< eryp E1/2|X1\2 + v El/p\XlP’.
vn
Apply inequality (23) to obtain that there exists an absolute constant x such that

E

1 n P p
LS v, 1@)] < ort [em E/2(x 0, Y1>|2]
n = vn
p
_ Rp
ot [nll/pE”ﬂXé‘)(m, mp]

and therefore

p
B0 - B0, < {2 | L] [5a0 v P o

P 1/p
+2p—1{ P } /E|X,Sf>(x,mlpdx} .

nl-1/p

By using Fubini’s Theorem, the last term [ E |X,§€) (z,Y1)[Pdx is bounded as follows:
1) [EO@ P de <2 [[ VO @y)lhe) dyds = 2ci ey,

It remains now to bound the first and main term [ Ep/2|X,(f) (x,Y1)|? do. Note that
E X (2, Y1) = Var(V,{? (z — v1)) < E[Vi{” (z — Y1)[?, so that

p/2
/EP/2|ng>(x,Y1)|2dxg / (/cg“l(v(‘f)(u))?h(x+u/cn)du) da.

Proceed to a Taylor expansion of u — h(z + u/C,) (the function h in H ad-
mits an analytic continuation on the whole complex plane) valid since the integral
Ju[V® (u)]? du is finite. Hence we get

(25) /Ep/2|X7(f) (2, Y1) da < CT(LQe+1)p/2 HV(Z)HS ||h|‘§§§(1 +o0(1)) as n— oco.
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Combining (24) and (25) we find that E [|h%) — Eh||, is bounded by

ey/p P (20+1)p/2 |1/ (£) p/2 p g (E4+D)p=1|17/(0) v
» _
2%{[\/5} Cp PV (IR, (1+o(1)) 427 {nl_l/p} Cp PV |5} :

Finally for p > 2 we have

20 _pi© e8P (204172 |1 7(0) 1/2

and for p = 2,

(20+1)/2

~ ~ Cy
E 2O —ERO |y < 26|V O|21/2¢2 4 16 T(1 +0(1)).
n

Note that these two bounds are uniformly bounded for h € H since ||k <
(2m)~'/2 and hence ||hl|,/ < ||h\|f/p = 1. The final result for 2 < p < oo fol-
lows by gathering (21) and (26) and taking C,, = v/logn.

For p = oo, the control of the analogue of the variance term E ||iAL£f) —ERY Iloo
follows arguing as Ibragimov and Hasminskii [15]. More precisely, the bound for
E ||ﬁ$f) ~ERnY |loo is deduced from the following lemma (see Nikol’skii [16]). Denote
by Mc, the set of functions belonging to L,(R) and having a Fourier transform
compactly supported on [-C; C].

Lemma 7.2 (Nikol’skii [16], p. 150). If 1 < p < p’ < oo, then for g in Mc, we
have |lgll, < 2C1/2=1/7|g],.

We apply Lemma 7.2 to Eﬁf) — ]Eﬁgf) € Mjyc, p and infer that for any p < oo,
[~ ER o0 < 202C) PI[BS) — ER,.
Take p = log C,, to get that
125 = BB |oo < 2(2C,) 2 [ —E R |,

/2 < 1 for all p, we find

and therefore, by applying (26) with ||h||p/2 <

~ ~ Vdiog C
B[R — ROl < 4re® =2t CREDRIVO 51+ 0(1))

and the result follows for p = co again by taking C,, = v/logn.
This final argument shows how the optimal constants in Rosenthal’s inequality
are important to get the result when p = oco. [0

7.1.2. Proof of Corollary 4.1 (upper bound of L, (R)-risk for polynomial func-
tions). According to Lemma 2.1, the main point of the proof lies in showing that

the rate of convergence of r f.n is given by the rate of convergence of ﬁ%). This
follows by using Theorem 4.1 and the triangle inequality. More precisely, denoting
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by Q, the function y — y*, it suffices to show that there exist constants C' and C’
such that for all 0 < k < /¢—1 and for all 0 < s < £ — k, we have, when 2 < p < o0,

R C(log n)@C+1)/4
B1Qu(E ~ 1)), = CEED—— 14 o),

and when p = co then

C'(logn)?+1/4 /loglog n
vn
We follow the lines of the proof of Theorem 4.1. The control of the bias term

defined by [|Q,(h*) — K&« )|y (2 < p < o0) uses the following identity valid for
allt e R

E||Qs(h*) — h))||o < (1+o0(1)).

Qu(h) — K )] (1) = & O — K hJ* (1) = 4 [Quh* (1~ K ().
Consequently
1Qu(0 — 0 <l = £ 5 (%) [ |2 0] 21 - |
" 27Tj g ot ots—i

Under Assumptions [K2] and [K4], the kernel K has the property that for all
0 < j < s, there exists a constant C(s) such that

(1-K3)

9+
‘ (t) <C(s)1p>c, -

ots—3

Moreover, the quantity 8?Qh*(t)/0t’ is a linear combination of powers of ¢ times
derivatives of h* at ¢t. Note that h* = fXg¢g*, so that its derivative is a linear
combination of derivatives of f¥ times derivatives of g*. Since E |X|*¥ < oo for all
k < ¢, the kth derivative of ¢* exists and is uniformly bounded. Consequently, we
bound the bias term in the following way:

1Qun® — K <)o < C [ 5P, de < O e O,
where 0 < k< /—1and 0 < s </{—k, and finally

1Qu(h® = K 5 1)l < O(1)CL €12,

Arguing as in the proof of Theorem 4.1, by using (20), we bound the bias term for
the L, (R)-risk (p < co) by writing that
. . . 2 /s (r—2)/p
100~ & <l < 0| [+ 2150,

1/p )
X [/|t2(k+5)et21t20n dt] < 0(1)075;716705/27

the last inequality being valid since 0 < k </ —1land 0 <s</{—k.
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Let us study the analogue of the variance term E HQS(E%]C) S )|l for
0<k<l—-1,0<s</l—k,and 2 <p < co. Denote

Qu(z) (%) — KW s p)(2) = 1 Y et x (2,Y))
n
j=1

and apply Rosenthal’s inequality (23) to get that

P
@1 E[Q.(® — KO « ), < {zpl [fﬂ [E 1A @ Pl o
n

1/p

p—1 kp : (k) D|,.|PS
+2 ——ip E|X\ (2, Y1) [P|z|P® da

Arguing as in the proof of Theorem 4.1, we need to control
/EP/2{|X,§k>(x,Yl)\2|x|28}dx and /E\X,gk>(x,yl)|P|x|Pde.
First, by using that z2% < 227 1(|z — y|>* + |y|**), we get

/Ep/z{\?éﬁk)(x,Y1)|2|33|25}dx < 2(2‘9‘”1’/2/ (/Ix—ylzleék)(x—y)lzh(y) dy

/2
+ [ 1RO @ =P dy) d.

Setting u = C,,(y — ) in the outer integral we obtain that

(28) / EP2{|X® (@, V1)) de

<ot (1.0 + ( [loFhean)” 1oly).
Now, by using Jensens’s inequality, we infer that
JEIE @ ) plalr do <20 [ [ oKD @ p)lPhty) dy da,
which is bounded by
2”(5“)/ oy [P*| K (—y)[Ph(y) dy dw+2”(8“)/ ly[P*| K (z—y) [P (y) dy da,
and therefore, for 0 < s < /¢ —k,
(29 [EIXP @)l do

< 20 [ Q K E 4 ||K<k>|z< [ wihio) dy)} U+,
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Combining (27)~(29) we obtain that E ||Q,(R4 — K « )|, is bounded by

s pr
(30) 2 +26“[\/ S UIQE® 4 23| K W)

pP
-1

-l-np

1/p
<l@sK<’“>IIS+E<|Y|PS>||K<k>z)] CYHD=1/r,

Since k + 1 < £, we see that for any density g such that all the moments E (|Y|?%)
and E (|]Y|P®) (with 0 < s < ¢) are uniformly bounded by M,

7 N log ) (26+1)/4
ENQ.® — K% «n)l, < o) — < o) (m)

vn

and the result of Corollary 4.1 follows for 2 < p < cc.

One ends up the proof for p = oo in the same way as the proof of Theorem 4.1.
Namely, we apply Lemma 7.2 with p = log C,, in (30). Since C,, = eP and logn =
C2 = ¢, under the condition g € Gpr(M,,) we have

sup  E(|Y[PY) < My < VEPexp ((p/2 — 1)e* +p*/2 — (p/2)logp),
9EGpe (M)

and using that k + 1 < ¢, we ensure the bound

C’ﬁ/QH p/2—1 OT@L+1/2
My <=2 " e, L VS
NG

1 k+1)—1
<k MLPCEFD-1/p <

ni-1/p"'P

The result for p = oo follows since
(k) (k) s+3.2 1 (k) logCp,
EflQs(hy” — K57 x h)|loo < 2777 K] K ooy [ — —Cr (1 + 0(1)). O

7.1.3. Proof of Theorem 4.2 (upper bound of L, (R)-risk for trigonometric func-
tions). We only give the proof for the function f: x — cos(¢x). Again using the

triangle inequality, we aim at bounding ||I'y — Effmﬂp and E Hffn — Effmﬂp, for
2 < p < oo, starting with [Ty —ET'f,,||, for 2 < p < co. According to Lemma 2.2,
we have

e—02/2

- [eify / (1 — S*(t))e¥te=h* (t) dt

Li(y) —ETlsn(y) = pp

+ei / (1= S5(t)ev e n (¢) dt |,

and therefore

—(Cn—0)?/2
=~ e
1 I's—ETD < —— (1 1)).
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We now turn to the control of [Ty —ET;,,||, when 2 < p < co. For § € {—1,1},

set
ps(t) = (1= Sx(t))e " h*(t).
Then we have
~ 6722/2
Iy =Elsnlp < ?(H%Hp + [le=1llp)-

Arguing as for (20), we obtain that [¢;[b < 2705|122l ps|3, and therefore

e—(Ca—0)2/2

i (14 o(1)).

Ly —ET;, |, < —
T £, Hp*(Oan)*

It remains now to control the variance terms E Hffn — Efanp for 2 < p < oo and

E ||ffn Eff nlloo- We start with the case 2 < p < 0o. The term E Hff n ]EfanOO
will be studied by applymg Lemma 7.2 and the arguments used for the density or
the polynomial case. Write r tm—E r f,n as a sum of independent random variables

Tfn(z) —ET ZXne.rY

where the X, ;(z,Y}) are centered random variables defined by

22
X o(2,Y;) = eTem [Su(@ + i = Y;) = E S, (x + il — V)]
2
+ eTe*m [Su(@ — il — V) — E Sp(x — il — ;)]

P
By applying inequality (23) to E ‘n_l Z;’:l X oz, YJ)’ , we infer that

n

Z n, 4 anj

3\*—‘

n

p
< gr1 [aj}/ﬁﬁl/ﬂxn,g(x, YI)Q}

P
_ K
+2 [n B YM ,

and therefore, using inequality (22), the quantity E ||T o — ET 7.nllp s bounded by

ok D p 1/p
{2?1{\/?] /Ep/QXn,é(x,Y1)|2d:c+2pl{nlli}:/p} /EIXn,e(x,Yl)lpdw} :

By using Fubini’s Theorem and the fact that [ h(z + u/c,)dz = 1, the last term
JE|X, ¢(x, Y1) dz is controlled by

/E | Xne(z, Y1) [P da < 2p_le_p€2/20ﬁ_1 / (|S(u +ilC)|P 4+ |S(u— iéCn)\p) du
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Note that for any real number v and any ¢ in {—1;+1}

C%C”

. 2 s
(32) |S(u+ i60Cy)|* < 22 1 CT)’

and consequently, denoting o, (y) = (y? + £?)~!

(33) /E\an(:c Yi)Pdx < *HWHM? —pf/2pCo

p/2 ¢
It remains now to bound the term [EP/2|X, ,(z,Y1)|? dz. First notice that
EP/2|X,, o(2,Y1)|? < e P AP 22 (EP2)S, (il — V) P+ EP/?|S, (z — il — Y1) ),
and secondly, use bound (32) to get that for § € {—1,1},
e

2
—— e el

/EP/2|S (z + 6l — Yy)|?da < &

Since [|h * @ellp/2 < |Rll1lleellp/2 = ll@ellp/2, the above bound is uniform in h € H.
Consequently for all 2 < p < oo, we get the bound

L

(34) /EP/Q\XM(:E Y1) da . efrCn,
T
Combining (33) and (34) we find that
~ ~ e/ﬁ;\f 26_17@2/4219/2 InC:
Enrfn—Erfnus{zP [ lpelP2 2 v
f, ; N Y2 —
1/
for N e
ni— 1/p Pellpy2-p¢ :

Finally by using that 2 < p < co we conclude that

~ ~ dere /4 172V w \?
(3) BT —ETpall, < ——— ||wp§2(\ﬁ+n,, ) e

(30) < Ve g3 [P v o,

The result for 2 < p < oo follows by gathering (31), (36) and by taking C,, =
\/logn — %1oglogn.

We now turn to the case p = oco. Note that ffyn — Effwn belongs to Mc, 1¢p
since its Fourier transform at the point ¢ equals

—t2/2 n —~ % . ~ % — .
62n > {Kn (tCH) (XY —p*(t40)) + K, (tc g)(el(t—lm_h*(t—ﬂ)) ;

j=1 n n
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where I?:L*((t +00)/Cy) = SE((t+00)/Cy) / f2(t + 60) (with 6 € {—1;1}) is com-
pactly supported on [—C,, — ¢, C,, + ¢]. Use the same arguments as for the density
or for the polynomials with HWH:);; < Hcpg”%/p (which tends to 1 as p — o), apply

Lemma 7.2 with p’ = co and p = log C),, and then use (36) to get

=~ ~ 8e2re— /4 log C,
(37 E[fsn —ET nlleo € = llpul X2Y2e 0 (14 0(1)).

vn

Take C,, = \/logn — 3loglogn in (37) to complete the proof. [

7.2. PROOFS OF LOWER BOUNDS FOR THE L,(R)-RISK: USE OF FANO’S
LEMMA. The proofs of lower bounds of L, (R)-risks are based on Fano’s lemma [12]
(see, e.g., Cover and Thomas [8]) in its new version due to Birgé [3], which we recall
here. Consider a metric space (0,d) and a set of probability measures P indexed
by ©: P = {Py; 0 € ©}. The problem is to give an infimum bound for the minimax
risk related to the estimation of # in © from an observation X with law Py,

R(©) = inf sup Eq(d(6;0(X))),
0(X)0€O

-~

where the infimum is over all estimators 6(X) with values in ©. Consider a finite
subset © of O of cardinality |©’| > 3 such that d(8,0") > ¢ > 0 for any pair (6,6’)
of distinct points in ©’, Then we have

5 N
e o _
R(©) > %g) (1 jnf Py(T(X) 9))

when f(X ) ranges over all estimators with values in ©'. Now, we use the following
result based on Fano’s lemma (see Fano [12] or Birgé [3]).
Lemma 7.3. Let 6y be a fized point in ©' and set

1

=1e

> K(Po; Py,

0ce’

where KC(Py; Py,) denotes the Kullback-Leibler divergence between Py and Py, .

There exists an absolute constant o such that if T(X) is an estimator taking values
m O, we have
~ K
inf Pp(T(X)=0)<aV ————.
beor W(T(X)=0) < log(|©’| +1)

As an immediate consequence, we obtain

) K
#0)2 31 o)

We are going to apply this result to P = {hdX; h € H}®", where d\ is the Lebesgue
measure on R, and (0,d) = {T'y;9 € G¢}, | - |lp) when 1 < p < oo and f is a fixed
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polynomial or trigonometric function. In other words, we estimate the functional
I'; and compute an infimum bound for the minimax L, (R)-risk

Ry, p(f) = inf sup E[|T, — Ty,
Tn 9€Gy

where the infimum is taken over all the estimators T, based on the observations
Y1,...,Y,. Fix an integer m > 3 and denote by ¢ the degree of the fixed function f
when f is a polynomial or a trigonometric function (of the form Cg, or Sg ). The
application of Fano’s lemma relies on four steps described below.

Step 1: To define a family of probability densities {(¢m.a,¢)}aca belonging to
‘H indexed by some finite set A whose cardinality depends on m. Note that this
family will depend on the integer ¢ (implying different regularity conditions on the
family for different ¢).

Step 2: To calculate the Kullback—Leibler distance between points in this family
of probabilities by noting that

K(PE% 5 PE o) = nK(Pm.a.e; ©m.0.0),

where P, o ¢ denotes the probability ¢, ¢ dA.

Step 3: To calculate the minimum distance between two points in the family of
parameters (I'f . q)aca induced by this family of densities, i.e., find ¢, such that
info area T fm,a — L fmarllp = 0m (for m large enough).

Step 4: To check that there exists a constant C; < « and a particular point
©m,0,¢ in the family such that

1Y aea K(Om,ae5Pm.0.e) <C
| A log(|.A] + 1)

Then we conclude that

R p(f) = 50m.

The construction of the family (step 1) will be essentially the same for all lower
bounds. Therefore, the first two steps will be checked in a general setting, whereas
the last two steps are described in each case.

| R

7.2.1. Step 1: Construction of the family. Define the functions on R

sina\ 22
ap(x) = Cy < ) )

T
where () is a normalizing constant such that fag =1, e = ag * oy, and
hoe = o * fo. Note that oy and hence g and hg, are probability densities
on R. Moreover, the support of the Fourier transform ag, of ap is contained in
[-20—2;2¢+2]. In what follows, we fix the kernel K to be the de La Vallée-Poussin
kernel V' (defined by (3)) or more generally its rescaling Vi(-) = V(\-) (for some
A > 1) and we put

Kpj(z) =0nK(mz—j), 1<j<m-1, Ko =0,
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where m is an integer greater than or equal to 3, and the sequence (6,,)m>0 is
positive and converges to zero as m — oo.
We denote by K, ; the normalizing constant

(38) vn]—/hOZ m,J )d for 0<ij<m—1,
and consider the following family of functions
m—1 o
(39) Pm,ae(T) = hoe(z) + a(j)ho,e(x)(Km,;(x) = Km,j),
j=1

where a ranges over the set A of mappings of {1;...;m — 1} to {0;1} with the
convention ¢, 0.0 = ho¢. The functions ¢,, 4 ¢ are also given by

m—1

m—1
Wma[ ( Za m])aOZ*fs + a hOZ m]( )
j=1 j=1
Note that the constants Fmd, 1 <j <m—1, ensure that ¢, . ¢ integrates to one.

Lemma 7.4. Fiz K equal to Vy(-) = V(A\-) for some parameter X > 1, then
there exists a constant Cy such that

m—1

(40) supz |K (ma — j)| < Cy < +00.
zER

Moreover we have the bounds

m—1
(41) |?m7j| < emc)\
=1
and
_ Hm
(42) [Km,il < o ellooll K]

7.2.2. Proof of Lemma 7.4. The proof of (40) consists in noting that

m—1 m—1

sup W (mzx — = sup sup Va(ma — j)|.
)| D=y s 3 VA=)

Now, when z belongs to the interval [(2k —1)/2m; (2k+1)/2m], the quantity mx —j
belongs to the interval [k —j — 1/2;k — j 4+ 1/2]. Hence

m—1

2
g 3 Wt =12 g (32—~

zER J<k

+3 o 2t IVl < o X e Ve
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which is a finite constant, denoted by Cy. The bound (41) is a direct consequence
of (40), and the bound (42) follows from the definition of K, ;. O

The following lemma states that the set of functions {¢., 4.¢}aca is a family of
probability densities contained in H under a suitable assumption on the parameter
0., related to the support [—2A; 2] of the Fourier transform V3 of the kernel V.

A2m2+4)\(£+1)m 0

m— 00

Condition 2. m#b,,e?

Lemma 7.5. Under Condition 2 and for m large enough, the family {@m.a.¢taca
is contained in H.

The proof of this lemma is postponed to Section 8.

Let us now compute the Kullback—Leibler distance between two densities, which
characterizes the size of the family. We do not need to use the whole family indexed
by the set A (which is large), hence we will restrict our family to the densities
parametrized by particular finite subsets A; and Ay, which are chosen according
to the norm we consider.

7.2.3. Step 2: Calculation of the Kullback—Leibler distance.

Calculation of the Kullback—Leibler distance for the L. (R)-norm. Fol-
lowing Ibragimov and Hasminskii [15], we consider the subset A; of A consist-
ing of the mappings from {1;...;m — 1} to {0;1} taking value 0 everywhere
except for one point. The subset A; has cardinality |A;] = m. In this case
Om.ae = hoe(®)(1 + Ky j(x) — Ky ;) with j being the index such that a(j) = 1.
For the sake of simplicity, we put

Omt(2) = ho (@) (1 + Kpnj(2) — K j), forall 0<j<m-—1

The resulting family {©m,a,e}aca,uf0} is exactly the family {©m j¢to<j<m—1. We
compute the Kullback—Leibler divergence related to this family,

m,j,e\ L
K(@m,j,6:0m,0.0) = K(m,j,e:hoe) = /log <W)<Pm,j,€(x) dz.
hoyg(l’)
By using that log(1 + u) < u for u > 0, we get
Kemiti o) < [ s (@) = Ko hoa(e)(1 4 Koy (0) = Ko )
Since [(Kpm j(z) — Kum j)hoe(z)dz = 0, we have
K(pm.j,e; hoe) < /(Km,j(fc) — Ko j)ho () da,

which gives the bound

92
(43) K(m.j.e:hoe) < /Kﬁz,j(x)ho,e(x) da < 2| ho,¢lloo | K 3.
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Calculation of the Kullback—Leibler distance for the L,(R)-norm, 2 <
p < 00. Again following Ibragimov and Hasminskii [15], we select a specific family
for the L, (R)-risk when 2 < p < o0, and consider the subset A, of mappings of
{1;...;m — 1} to {0; 1} containing the mapping identically equal to zero and such
that for all @ # a’ in Ay, we have

m—1

(44) la(7) 7| > !

Lm=1).

Jj=1

Therefore the cardinality of this set of mappings satisfies |Az| > exp{(m — 1)/8}
(see Ibragimov and Hasminskii [15]). We denote by {@m. a,¢}aca, the resulting
family.

Compute the Kullback-Leibler divergence between ., 4,¢ and hg ¢ by using once
again that log(1 + u) < u. We obtain

m—1
K(@marihor) < 3 ali) / (K (2) — By Yhoo(2)
j=1

X (1 + f a(k)(Kpi(z) — Km,k)> dz.

k=1

The right-hand side of this expression also equals

a(j)a(k) / (Komy (2) — Bony) Ko@) — B Yhoo() dr,

and we get the bound

m— 1m 1
K(‘Pm,a,é;hof § a |:/ij m k(x)hO,l(I) dem,ij,k:|-

j=1 k=1

Apply inequality (42) to get

K(omasihod) <8, [ (mg (e~ ) (mg (e = )] o)

0
+ = 12V g 2
which combined with (40) gives that

(45) K(em.a.eihoe) < (C3 4 [[hoellZIVAlR) 67,

7.3. PROOFS OF LOWER BOUNDS FOR L. (R)-RISK. In this section, we
take A\ = 1 in V), that is K is chosen equal to the de La Vallée-Poussin kernel V'
defined by (3).



Estimation of Functionals in the Convolution Model 31

7.3.1. Proof of Theorem 5.1 (lower bound of L (R)-risk for the derivatives).
The main purpose of this proof is now to check steps 3 and 4.

Step 3: We need a lower bound for the distance between the parameters in
the family that we wish to estimate, that is to say between the derivatives of the
densities {apgﬁ) ; sYo<j<m—1. This will be done in the following lemma, which will be
proved after (3’o7mpleting step 4.

Lemma 7.6. For any integer £ > 0 and m large enough, there exists a positive
constant C' such that for all j # k in {0;...;m — 1}, we have

4 l
el = 004 illoe > OO,

Step 4: The last step of the proof consists in showing that there exists a constant
C1 < a such that

n Z;n:_f K(pm.j.e; hoe)

<C
mlog(m+1) b

where mlog(m + 1) stands for the quantity |.4;|log(|.41| + 1), by applying inequal-
ity (43) which gives the bound on the Kullback—Leibler distance between two points
in this family. Then Fano’s lemma tells us that there exists a positive constant C'
such that
inf sup |20 — T, loe > Cm 0%, (n),
Tn heH

where 6%, (n) is the supremum over all the parameters 6,, satisfying the conditions

nb?, 2 .
HhO,ZHOOH‘/”zW a and mb,e? +4(6+1) mjoo()_

Choose

0, = e

and m = \/é logn — ﬁloglognf %logloglogn.

We finally have 6,, = e =3 = (logn)/4(loglogn)'/2/\/n, which concludes the
proof.

Let us now prove Lemma 7.6. The following identity holds for all 0 < j < m —1:

) o(2) = o s (@)D () + B ) (14 Vi (2) = Vo) +z( )hm W (@),

Therefore, by applying the triangle inequality, we get

YA YA Y Y4
6) el — 0 illoe = Iho (V) = V)l

—1 / (e ;
=3 () I VA

||h(li)(ij — Vm,k 4+ VmJg - Vm,j)”OO'

)
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The first term in (46) is bounded from below in the following way:

oV, = VSO0 o = 00 it o (“) sup [V (u) — VO (ut j— k).
’ ’ u€[0;1] m u€[0;1]

Since for any w in [0;1] and any 0 < j < m — 1, the real number (u + j)/m belongs
to [0; 1], we conclude that

A7) lhoo(V,, (e) Vn(f)k)HooZmH (mf ho,) inf sup |V(e)( ) — V(e)(u+n)|.
' [0:1] [n|>1e(0;1)

By using the definition of V;,, ; and inequality (42) the remainder terms appearing
n (46) are bounded and then

108 = 0 slloe > m O (inf hoe) inf sup [V (u) — VO (u+n)
(01] In|>1 ye01]

ot -1 (e—r) (r)
10, max (VO )

4 em
11§ loe (20m 1V lloe + 2= 0.l IV ]1)-
For m large enough and ¢ > 1, we have

©® 0 1 0 ¢
.0 = Pmklloe = 5m Om m(Inf ho.e) |i?>f1u2%pl]‘v( (u) = VO (u+n).

Finally, the uniform distance between two points of this family is bounded from
below in the following way:

4 l
19 =0 oo = Oy,

where C is a positive constant. When ¢ equals zero, by using the triangle inequality
combined with (42) and the lower bound (47), we obtain

[om.je = Pmkelloo > 1700 (Vinj = Vi) lloo = ho.elloo Vg — Vi il

2
> Crbm — —Oml|ho.elloo V]2
m

This concludes the proof of Lemma 7.6 and hence the proof of Theorem 5.1. [

7.3.2. Proof of Corollary 5.1 (lower bound of L. (R)-risk for polynomial func-
tions). Using Lemma 2.1, the family {¢, j.¢to<j<m—1 of densities induces a family
of functionals {I'¢ m j to<j<m—1 defined by

¢ ‘
Lymi(y) :52807(7335 JrZQM k( <Pm,jg(y) for 0<j<m-1,

where 8¢ # 0 and Qg ; is a polynomial function of degree j related to f.
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The main purpose of this proof consists again in checking steps 3 and 4.

Step 3: We have to show that the minimum distance between two functionals
I ¢m,s — I'fm tlloc in the family is still bounded from below by a constant times
m*0,,, for m large enough. Then the step 4 and Corollary 5.1 follow by arguing as
in the proof of Theorem 5.1.

When s # t belong to {0, ...,m—1}, using the triangle inequality and Lemma 7.6
we have

—1
k k
1T f s = Tamlloe > Cm G — > Q-0 ;= 0%, oo
k=0

When k = 0, we immediately deduce the bound

HQB,@(‘PWwI - ‘Pm,tl)Hoo >

Om
(Ol Il + 22 V1)

When 1 < k < /¢ —1, we have

k
||Q@H(<an,)s ¢ SDm t, oo = ' Qp,e— kho ¢ (Vm s = Vit = Vs + Vinye)

+Z< )Qw BNV — Vfﬁ'ft_j))H 7

which is, by (40), bounded for m large enough by
k k
1901465 = e < 21 Qe (B Ve + 22 )
k+1 k O < -1
+2 O<m<a]z< . 1Qs,e— khoeHoo M lrgax VY] < Cm"™0,,

 1s also bounded

It follows that the minimum distance infs ||Tfmm.s — 'y,
from below by a constant times m6,, for m large enough. [

7.3.3. Proof of Theorem 5.2 (lower bound for L., (R)-risk for trigonometric func-
tions). We only give the proof for the function f: x + cos({z). Arguing as before,
the main point of the proof lies in checking steps 3 and 4.

Step 3: We need a lower bound for the distance between the parameters in
the family. Using Lemma 2.2 and the fact that the functions {@m j¢}to<j<m—1
admit the analytic continuation on the whole complex plane, we have the following
identities for the functionals induced by the family of densities {¢m j¢}o<j<m—1:

Ff,m,j (y) £ /Cos(ex)gm,j,f(x)fs(x - y) dx

e 12/2 y w0
= T( ! y@m,], (Z/ + Zé) y‘)om,jl(y - Zé))
Now, the following result gives the minimum distance between two parameters to be
estimated in our family. Its proof is postponed to the end of the current argument.
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Lemma 7.7. For all m large enough, there exists a positive constant C such
that for all j #k € {0;...;m — 1}, we have

0 e2m€
m

ITfmg —Trmilloe = C

Step 4: We conclude by using Fano’s lemma in the same way as in the proof of
Theorem 5.1. More precisely, there exists a positive constant C' such that

26, (n)

inf sup [Ty — Thllee > C - ,

Tn gegy
where 6%, (n) is the supremum over all the parameters 6 satisfying the conditions

7192 2
m <a and mb,,e>m DM

hotlleo ||V ]2 ——m—
H O,EH H ||2m10g(m+1) oo

Choose the parameters

1 1/4, /flog1 1
om:(ogn) Vioglogn and ng /logn — C, where C > (41,

NG

in order to obtain that

m0m62m2+4(£+1)m — 0(1)(10g n)d/4 10g logn€72(Cf(Z+1))\/logn —5 0

n—oo

and that there exists a positive constant C’ such that nf2,/(mlog(m + 1)) < C’,
which completes the proof of Theorem 5.2.

Let us now prove Lemma 7.7. By definition of I'f ,, ; and by using the triangle
inequality, we get

—02/2

(& ; . . .
T fm,5 = Tpmklloo > sup (\e”yho,e(y +30) (Vi (y + i€) = Vi i (y + i0) )
ye

+ e Who,e(y — i) (Vi 3 (y = i€) = Vi ry — i0)) |
- |Vm,j - Vm,kHeMyhO,é(y +il) + ‘fwyhO,é(y - l£)|)
Now, using (42) we have the bound

Vg — Vil [€hoo(y + i) + e hg o(y — if)|

20, i . —i .
< =2 hoellsc |V [|1 sup |€Yho e (y + i) + e ho o (y — i€)],
m y€ER
which implies that
e—2/2 )
ITfm,5 — Lpomoelloo > sup "Yho,o(y + i) (Vi (y + i) = Vi i (y + i)
yeE

Om

m .

e R0 oy = i) (Vin g (y = i6) = Vi = i0))| = €
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We now come to the study of the main term. Straightforward calculations pro-
vide that, for 6 € {—1,1},

_emezmee—%imy(e%ij + T (Y))
27t (my + midl — j)?

(48) Vin,j (y + 6il) =

with |7, ;.s(y)| < 3e~™. It follows that

2
et /2e2m€9m

IT s = Cpamaslloo = S

245 ) 2ik
. i(£—2m)y . e trmii(y) e+ rmra(y) )
X sup |e hoe(y + il - ; — -
. oalv+i0) (i~ i
)

‘ —2ij _ —2ik 0
71(272m)yh —il e + vah—l(y - € + Tm,k,—l(y) ol
e oy = )< w—it—jm?  G—i-km? )| m

Now consider the particular point y = j/m and bound this quantity from below in
the following way:

—0%/2,2meg
e e m
r m,j r m [e%e) 2
ITfm = T —
. f (Z/ 2)]h f 62ij eZlk
X e j/m+ i) 5 +
| oeld/m+i )< AN TN —k)/m)2>
—i(£/m—2)j . . e—Qij e_2ik —m em
+e e/ 2)Jh0’g(j/m—lf)< 72 =+ (l€+(]k)/m)2)+0(e f) _CE
We finally obtain
—EZ/Z‘h (€)| 2meg 1— (2(/4: s
e 0,e(il)le m | . cos )
||Fm,j - Fch”oo > DY) = |:]12£ 72 ‘ + 0(1):|7

which ends up the proof of Lemma 7.7 and hence the proof of Theorem 5.2. [

7.4. PROOFS OF LOWER BOUNDS FOR L,(R)-RISK, 2 < p < co. We use
the function K equal to V), = V(A +) for some fixed well-chosen A > 1, where V is
the analogue of the de La Vallée-Poussin kernel defined by (3).

7.4.1. Proof of Theorem 5.3 (lower bound of L,(R)-risk, 2 < p < oo, for the
derivatives of h).

Step 3: We compute the minimum distance of L, (R)-norm between two points
in our family of parameters {@Eﬁ)a sYacAs-

Lemma 7.8. For any pair (¢,p) in Nx]1;4o00[ or in N* x [1;+o00[ and m large
enough, there exists a positive constant C such that for all a # o' in As

L L
|‘Lp7(77,),a,12 - (pfn),a’,lllp 2 Cmeem
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This lemma, proved in Section 8, is obtained by a careful generalization of the
methods used to prove Lemma 7.6.

Step 4: We apply Fano’s lemma and claim that for any pair (¢, p) in Nx|1; +oo[
or in N* x [1; 4+o00], there exists a positive constant C' such that

inf sup ||h*) — ?Lan > C'm*0},(n),
", heH

hn

where 67, (n) is the supremum over all the parameters 6,,, satisfying the conditions

nZaE.Az K(¢m,a.e; ho,e) <o and ml. 2N mIHAEHm
|[Az|log(| Az +1)  — m—o0

Now, remember that the cardinality of A satisfies log(|.Az2|) > (m — 1)/8, and
inequality (45) gives a bound on the Kullback—Leibler distance of the family. We
will look for the supremum of the parameters 6,, satisfying the conditions

92
16(C2 + [[hoell%[VAl?) -2 < € and  mf,e?X ™ +HAEDm
' m—1"n m—00
Choose
—_— logn B loglogn and
V20202 +1) 4202 +1)

em — (3—(2)\2—"-1)7%2 — (logn)l/‘l/\/ﬁ

to obtain that there exists a positive constant C' such that

N ] (20+1) /4
inf sup |1 = hnly = Cml6,, — 18

b, hex Vn

for any pair (4,p) in Nx]1;4o00[ or in N* x [1;4+00[, which entails the result of
Theorem 5.3. O

7.4.2. Proof of Corollary 5.2 (lower bound for L, (R)-risk, 2 < p < oo, for poly-
nomial functions). Using Lemma 2.1, the family of densities (¢ 4.¢)aca, induces
a family of functionals {I'f ;. q }acA,

-1
Trma(y) = 8ol s o) + 3 Qo). (),
k=0

where 8¢ # 0 and @), is a polynomial function of degree j related to f.

We calculate the minimum distance between two functionals ||I'f m.a — T'fm.allp
in the family which is still bounded from below by a constant times m‘@,,. Then
step 4 and the conclusion follow arguing as in the proof of Theorem 5.3.
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Step 3: Fix a # a’ in A;. We use the same kernel as in the previous proof, so
that the lower bound for ||g0(£) )

m,a,l spm

Using the triangle inequality yields

o ¢o|lp obtained in Lemma 7.8 remains valid.

1
k k
ITfma = T ramallp = Cm0m — > 1Qp -k, s = 0% iy
k=0

When k£ = 0, we have the bound

mi — Km,jlly < Cm'=P0y,

m—1
1Qs.e(maae = Pmar o < D
j=1

which is negligible with respect to m*6,,
When 1 <k < /¢ —1, and for m large enough,

) B
1@6.e1 (2%, — 6@, )l < Z[nczwhm Kl

k r (k—r —
+Z(r>”% eI | < Cmi g,
r=0

which is still negligible with respect to m6,,, and the proof is complete. [J

8. Proofs of Technical Lemmas

Proof of Lemma 7.5. Combine (39) and Lemma 7.4 to get that for m large
enough ¢, ¢ is a positive function which integrates to one and hence ¢, 4 is
a probability density. The main point of the proof is checking that there exists a
family of probability densities {@m qa.¢}ec.a on R such that for all integer m,

for all a € A, Om,al * fo = Omae-

We start with the proof of the existence of a family of real-valued functions
{ﬁm,j,e}1§j§m71 such that

hO,ZKm,j :/Bm,j,é*fsa 1 S] <m-—1.

We follow the lines of Theorem 2.2.1 in Taupin [20]. Consider the function a, ;¢
defined for all ¢ in R by

2
am je(t) = /2 (ho, Kom 1) (2).
The Fourier transform of the product hg ¢/, ; is the convolution product of hg , =
oy o f and

K ;i u g—me*i“j/mK* (u)’
’ m m
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which are all compactly supported. This implies in particular that the function
Qm,j,e is compactly supported, with support contained in the algebraic sum of the
preceding ones, that is, contained in [—2Am —2(¢+1); 2Am+2(£+1)]. In particular,
the function a,,_ ;¢ belongs to L; (R) NLa(R), and we can define §,, ;¢ as its inverse
Fourier transform (denoted by *) defined by

* 1 —itx 12 *
o) = iy o) = 5 [ €05 2l ) (6)

This leads to the identity B ;e * fe = hofm ;. By construction hg Ky, ; is a
real-valued function. Consequently, the imaginary part of 3., ;¢ * fc, also denoted
by Im(8,, ;¢ * fe), equals zero and therefore f, * Im(3,, j¢) = 0. This implies that
fA(Im(Bm,je))* = 0 and hence Im(B,, j¢) = 0. We finally obtain that 5, ;. is a
real-valued function.

Now, the real-valued function o, ¢ defined as

m—1 m—1
O al = (1 - Z a(j)Km,j)O‘O,@ + Z a(j)ﬂm,jf
j=1 j=1
satisfies g0 * fe = ©m,a,e- The last thing to prove is that ayy, q.¢ is a probability
density on R. The main point lies in proving that o, 4,¢ is positive. This, combined
with the fact that ¢, 4,¢ is a probability density, ¢m, a0 = Qm q,¢ * fe, and Fubini’s
Theorem, will give us that it integrates to one. It remains thus to prove that, for
m large enough, o, 4 ¢ is a nonnegative function.
The first step is to note that

m—1 m—1
(19)  omar —0oelloe = || O al)Kmja0e — 3 ai)Bmse| — 0,
j=1 j=1 oo

and therefore, since ¢ is a nonnegative function, for each compact set C in R, we
can find an integer myg large enough such that, for all m > mg and for all x € C,
we have ayp q.0(z) > 0. Let us establish this convergence. Using the definition of
Bm,j,e and the fact that a,, ;. is compactly supported we may write

m—1 1 ) m—1 *
Z a(j)Bmje|| < ﬂ/et /2 <ho,e Z Km,j> (t)’1t|<2(€+1)+2)\m dt
=1 o0 =1

m—1

1 2 2 2 *
< geu m2 AN (+1)m+2(6+1) /‘(ho,g Km,j> (t)’1t|<2(g+1)+2)\m dt.

Jj=1

Now, using Lemma 7.4 we see that

m—1 *
'(hO,E Z Km,j) (t)‘ < C)\em
Jj=1
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and hence
m—1

() Bm | < 2D C—A4(Am 4 1)fy PN A DAm,
R | 2

™

Jj=1 o0

Apply inequality (41) to get that

< lle,llocCxbm

o0

m—1
Z a(j) Km. joo.
j=1

and the uniform convergence of @, 4.0 to @ in (49) follows under Condition 2.
The second step deals with the case of large |z|. For this write §,, ;¢ in the form

1 )
Bmsale) = o [ [ €77 20w = 0K, () du
T ’ ’
Orm —itx ,t?/2 jiuj/m,—(u—t)? /2 K (X
_ it wug/m u * —t * ( ) du dt
2rm //e c e ‘ C m)

em —1 iug 1x— * *
— e 1zu+1u]/m(/ev(zz u)Oéo7g(U) dU)euz/QK (U) du.

2mm m

The function ag , is equal C? times the square of the convolution product of 2¢+2
times the function S* = 1;_y,;;. More precisely, Qo = CE(S* %% §%)2) where
the convolution product appears 2¢+ 2 times. This is an even piecewise polynomial
function with support [—2¢ —2; 2+ 2] and 2¢ times continuously differentiable. The
behavior of By, ;¢(x) is related to the quantity

/ e e=00r () dv = I(iz — u) + I(~iz + ),

where

Integrating by parts, we get

ecv 2042 ecv 2042 ecv 2042
10=[Tap] - [Geiow] - [Sesoe e
0 0 0
e 20 2 M e 20+1
# i ®w] - [ a e e b

Since ag , is 2¢ times continuously differentiable and equals zero outside [-2¢ —
2;2¢ + 2], its derivatives up to the order 2¢ are equal to zero at the point 2¢ + 2.
Moreover, ag ¢ is an even function, so that (ozg,e)(%_l)(O) =0foral 1 <k<V/.
Now adding I(c¢) with I(—c), all but the final terms vanish and integrating once
more by parts we get

v _ 2042

etV _ p—cv .
)+ 1(-0) = = | (5.0 )
0

2042 eV — g—Cv (2042)
" / e T (45,0 (v) do.
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Consequently,
) (iz—u)v _ ,—(iz—u)v 20+2
[ e = - [ 3 (05,0 ()

(iz — u)2t+2 0

20+2 (iz—u)v _ ,—(iz—u)v
e € * 0\ (20+2
- /o (ix — u)?+2 (05.0) 2 (v) dv,

and hence is bounded as follows:

’/ v(iz— u) * )dU

We use this expression and the fact that the support of K*(-/m) is contained in
[-2Am; 2Am] to conclude that

o200+ 1)[u]

< ’YZ‘(UQ Fa2)ir

m—1

a ﬂmyl
Jj=1

Cm9 62)\2m2+4)\(l+1)m
m
= 20+2 ’

(50)

with the numerator converging to zero under Condition 2. Arguing as in Taupin [20],
we obtain that for |z| large enough,

(51) (1 - Z_: a(j)Km,j)Oéo,e(l’) > ﬁ,

where 0 is a positive constant. This lower bound is based on the following in-
equalities: for any x > 0 setting © = kw + ¢, where £ > 0 and 0 < t < 7, we
get

o e(r) > CF / sin®F2(t — w) sin® 2 (u) [u(kr +t —u)] "2 % du.

lu < /2

Since (k — 3)m < kr +t —u < (k+ 1) — m/2, we have

—20—2
g e(x) > CF {(k —+ ;’)w] /| o Sin?2 (¢ — u) sin22 (w)u— 22 du,

and consequently ag¢(z) > C'[(k + 3/2)n]~2~2. We finally use that z%*+2 =
(km + )22 > (km)?+2 and that there exists a constant C” such that for k large
enough, [(k+ 2)7]?*t2 < Cy (km)**2 < C”2*72. Combining (50) and (51), we get
that for |z| large enough the function ayy, 4¢(z) is positive. O

Proof of Lemma 7.8. We will consider separately the cases £ = 0 (estimation
of the density of the observations) and ¢ > 1 (estimation of the derivatives of this
density). We fix the kernel K equal to V) = V(A:), where V is the de la Vallée
Poussin kernel (see (3)) and A > 1 will be chosen in the proof.
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First case: £ =0. Fix two functions a and a’ in As. By definition, the distance
lom.a,e = Pmar,ellp is given by

lem,a,e —

Z Nhot(Kmj — Kum.j)

p

Now, we restrict our attention to the interval [1/(2m); (2m — 1)/(2m)] and bound
the integral ||@m.a,e — Pm.a,

1 2m—1] U 2k —1 2k +1
om’ 2m | 2m  2m |’
1<k<m—1
we get
m— 2;:;1 m—1 P
— o|l? > ) —d'(j (z) — Ko j .
||<Pm,a,€ Pm,a ,Z”p = kz S Zl CL(]) a (]))ho,e(x)(KmJ(:z:) Km,]) dz
=1 Z2m J]=

We use the following inequality for real numbers, valid for all p > 1,
(52) |a” > 27|a —b" — [b]",
to obtain that

2k+1
2m

m—1
lomas = marely = Y [7
k=1

2m

[2-p|a<k> AR () () — T P

p
] dx.

ST (ali) = d () hoe(@) (K j (@) = K )
1<j<m—1

J#k
Since the functions a and @’ take values in {0; 1}, the quantity |a(k) —a’ (k)P equals
la(k) — o’ (k)| and is bounded by 1, for all 1 < k < m — 1. Use also the triangle
inequality to obtain

m—1 . 2k+1

bomas ~omardlf 2 - [, [2771alh) — o O (@) ) — ol

k=1

(X heelne) =l ) |

1<j<m—1
7k

The interval [1/(2m); (2m — 1)/(2m)] is contained in [0; 1] and the density hg ¢ is
positive on the compact interval [0; 1], so that we have

(53)  Nem,ae — Pm,arellp
2k+1

> Z ) = ()] nf hoz)/ T K@) = Kol da

m—1 +1

2k—1 Z hoaé(z)u{md (ZE) - Fm,j
k=1"Y 72m 1<j<m—1
J#k




42 C. Matias and M.-L. Taupin

Consider the first term and use inequality (52) to get that

2k41 2641 = 1p

o Ko i(2) — Kpp|P d > 277 o | K so(2)|P d LN
ok 1 m,k\T m,k T =z ok1 m,k\T T m .
2m 2m

Therefore by using (42) and the definition of K,

LA 1/2
| Kna(w) — Kol do > 27000 / K[ — 2 o 2
2m
Coming back to (53), we get
”‘pm@,é — Pm,a’ é”p
m—1 1/2 P || K|IP
> 927 pem inf hOE Z |a |(2 p/ |K|p_ HhO,fHooH ||1>
01] ~1/2 mP
=1
mo1 s N
- /7 ho,e(x)p( > |Km,j(x)Km,j|> dz.
k=1 2m 1<j<m—1
7k
By using (44) we deduce that
(54) lom,ae —
27P P p p e P 1
> —0P (inf h 2_/ K —’°°>
; ([, o,z)( [ = L
27;:—11 o P
—Z/z ( 3 |Km,j(x)_Km,j|> da.
1<j<m—1

J#k

Consider the second term in (54). Apply the triangle inequality, bound (42), and
the definition of the kernel K = V) to get that

— Om, 2
Ko i(2) = K i < 22 S .
> s @ - Fonsl € (X s + el VI )

1<j<m—1 1<j<m—1
j#k J#k

Arguing as in the proof of Lemma 7.4, when x € [(2k — 1)/(2m); (2k + 1)(2m)], we
obtain

2 2
PR v + Y s
2 S 1
1<j<m—1 Am(mz — j) 1<j<k—1 AT (k —Ji=3) k+1<j<m—1 Ak —j+3)?
J#k
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The last quantity is a finite constant to be denoted by C /. It follows that, when x
belongs to the interval [(2k — 1)/(2m); (2k + 1)/(2m)], we have

> Kmj(@) = Kl < 7’”(01
1<j<m—1
Jj#k

)

Now, coming back to (54), we obtain

p P 47r p Yz p
m,a,d — Fm,a’ L 2 9 |: inf A / K
HSO ¥ HP 8 ([O 1) OZ) Y | |

2—Pp
P D _ . P
1) ||h0,e||p S ([10n1f] ho,e)

[ho,el BNV IIT
APmp ’

—\P (Cl

Let us study the right-hand side of this inequality. The third term is negligible with
respect to the two others as m — oco. The last thing to check is that the quantity

4 1/2 -
(55) — (inf hﬁe)/l/zf(lf"—A P(C1/A+ [[hoellool V1)

(0;1]

is positive. By using that K = V), we infer that

1/2 1 M2
/ Kp =1 / v,
—1/2 AJx2

and therefore the quantity (55) becomes

1[477 A2 1 [(C P
Gt [ v s (S ol VI ) Tl

= (el |,

A

which is positive for some Ag large enough, since p > 1. Hence we conclude that
there exists a positive constant C' such that [[¢m a.e — @m.arellh > COD,.

Second case: ¢ > 1. By definition H(pm al ‘an)a/ (llp satisfies

4 4
(56) 108 e = Ponar ellp > AL = Az — A
with
m— 1 m—1
4 4
Phoe K55 N6 Kom = Fom3)]|
j:l p j=1 P

and

m—1 -1
> i)~ ) 3 (1) nsntts”
i=1 s=1

The purpose is to bound A; from below, and then to bound A, and A3 from
above by quantities negligible with respect to A;. We begin with the first term

P
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Ay, which will be treated in the same way as the case £ = 0. We restrict our
attention to the interval [1/(2m); (2m —1)/(2m)], which is the disjoint union of the
intervals [(2k — 1)/(2m); (2k 4+ 1)/2m], when 1 < k < m — 1, and use the convexity
inequality (52) to write

2k+1

A”>mfp9a2/2"‘ 277100 - 8 ) KO e~ P
—‘ > (alg) = d'(5))hoe(x) KO (ma — j) }daz.
1§jj§$71

The same calculations as in the case £ = 0 give

57) A7 > mter |2 (it n V2 ko
( ) 1 Z M=y 3 (m oe) | |
[0:1] —1/2
m— 21 »
S (X womepl) w]

1< <m—1;5#k

and the point is to bound the quantity

Y KO (ma—j)

1<j<m—1;j#k

from above by a finite constant. Recall the definition of the function K = V(A ),
where

cos(u) — cos(2u) _ 1 P(cos(u))
u? T Qu)

with P a polynomial function and Q(u) = u?. Now, compute the derivative with

respect to u,

V(u) =

KO w) = XV ()

ﬂ\>’

f:( ) Pocos)— k)()\u)(22>(k)()\u).

k=0

Easy calculations give

1\* ~1)*(k + 1)!
() ow=Smaa

and by obvious upper bounds on trigonometric functions, there exists a constant
M, such that, for all integer 0 < k < £, |(P o cos)“~®) (\u)| < M,. Therefore the
derivative K ) satisfies

0—2 ¢ -2 2 :
KO ()| /\ Mé Z ( ) (k+1)! < { A2 0e /| ?f lul > 1,
— |u|2+k N=200/|ul?HEif |u] <1,
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where vy is a positive constant. For z € [(2k—1)/(2m); (2k+1)/(2m)], the variable
ma — j ranges over the interval [k —j — 1/2;k — j 4+ 1/2], hence we have

> KO (ma — )| < KO (ma — k+ 1)+ KO (ma — k — 1)
1<j<m—1;j#k

+ 2/\4 2’[1/ Z — 1/2
Finally,

(58) S KO (ma - ) < 20201+ 22 + 202 Z

1<j<m—1;j#k n>2

n71/2

The last quantity is a finite constant to be denoted by A*~2C,. Combining (57)
with (58), we get

4P 1/2
AP > mtrer, { 5 (inf hé’z)/ / |K“>|”—AW‘?)Cfllho,ellﬁ}-
—-1/2

The next thing to check is that the following quantity is positive:

27 ko - 0p
(59) o (inf 1) /1/2 KO — WP g 42> 0.
Since II{% |[KOp = \fr—1 f_)\)/\32 [VO|P, the quantity in (59) becomes

e (2 ey [ wop - Gy ).
3 0,¢ a2 \2p—1 11102

[0;1]

For p > %,

converges to (277 /8)(inf[,1) hf ,) V& [h. Consequently we obtain that there exists
a Ao > 1 large enough for which (59) holds. Using this remark, we conclude that
there exists a positive constant C such that for m large enough,

the second term converges to zero as A — oo, while the first one

y—t

m—
2 Clmeﬂ
p

(60) ))ho KL,

—

j=

Now we estimate the second term A, from above. Apply the triangle inequality to
infer that

m—1
4 4
< (I ocl Ko sllp + sl 181)-
j=1

Again using the definition of K, ;, we get || Ky, ||, = 0mm~1/?||K||,, which com-
bined with inequality (42) provides that for p > 1,

4 4
(61) A2s<ml>( R . 2| ho,ell oo 1] ||h“||p)
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and this quantity is negligible with respect to m‘f,,, when ¢ > 1. Finally, the third
term As satisfies

m—14£¢—1

{—k
()MMMJK()M

]:1 k=1
with
155y < m" =70, max KO,
1<r<f—1
Therefore
(62) As < 28mf1Pg,. max I1h, (T)HOO max HK(T)HP,
1<r<f—1 1<r<f—1

which is also negligible with respect to m‘6,,. Combining (56), (60), (61), and (62),
we conclude that for any ¢ > 1 there exists a positive constant C such that for m

large enough, ||

(1]

2]

(3]

(4]

(5]

(6]

(7]

(8]
(9]
(10]
(11]
(12]
(13]

(14]

,(ﬁ)a ) cpiﬁ)a, ollp = Cm‘0,,, and the proof is complete. [
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