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ABSTRACT. We consider the problem of estimating the proportion  of true null hypotheses
in a multiple testing context. The setup is classically modelled through a semiparametric mixture
with two components: a uniform distribution on interval [0, 1] with prior probability # and a non-
parametric density f . We discuss asymptotic efficiency results and establish that two different
cases occur whether f vanishes on a non-empty interval or not. In the first case, we exhibit estima-
tors converging at a parametric rate, compute the optimal asymptotic variance and conjecture that
no estimator is asymptotically efficient (i.e. attains the optimal asymptotic variance). In the second
case, we prove that the quadratic risk of any estimator does not converge at a parametric rate. We
illustrate those results on simulated data.
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1. Introduction

The problem of estimating the proportion 6 of true null hypotheses is of interest in situation
where several thousands of (independent) hypotheses can be tested simultaneously. One of the
typical applications in which multiple testing problems occur is estimating the proportion of
genes that are not differentially expressed in deoxyribonucleic acid (DNA) microarray experi-
ments (see, for instance, Dudoit & van der Laan, 2008). Among other application domains, we
mention astrophysics (Meinshausen & Rice, 2006) or neuroimaging (Turkheimer et al., 2001).
A reliable estimate of 6 is important when one wants to control multiple error rates, such as
the false discovery rate (FDR) introduced by Benjamini & Hochberg (1995). In this work, we
discuss asymptotic efficiency of estimators of the true proportion of null hypotheses. We stress
that the asymptotic framework is particularly relevant in the aforementioned contexts where
the number of tested hypotheses is huge.

In many recent articles (such as Broberg, 2005; Celisse & Robin, 2010; Genovese & Wasser-
man, 2004; and Langaas et al., 2005), a two-component mixture density is used to model
the behaviour of p-values X1, X»,..., X, associated with n independent tested hypotheses.
More precisely, assume that the test statistics are independent and identically distributed (i.i.d.)
with a continuous distribution under the corresponding null hypotheses, then the p-values
X1,X5,...,X, are i.i.d. and follow the uniform distribution 2/([0, 1]) on interval [0, 1] under
the null hypotheses. The density g of p-values is modelled by a two-component mixture with
the following expression:

Vx €[0,1], gx)=60+(1-0)f(x), §))
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where 6 € [0, 1] is the unknown proportion of true null hypotheses and f denotes the density
of p-values generated under the alternative (false null hypotheses).

1.1. Identifiability

Many different identifiability conditions on the parameter (6, f) in model (1) have been dis-
cussed in the literature. For example, Genovese & Wasserman (2004) introduced the concept
of purity that corresponds to the case where the essential infimum of f on [0, 1] is zero. They
proved that purity implies identifiability but not vice versa. Langaas et al. (2005) supposed that
f is decreasing with f(1) = 0, while Neuvial (2013) assumed that f is regular near x = 1 with
f(1) =0, and Celisse & Robin (2010) considered that f vanishes on a whole interval included
in [0, 1]. These are sufficient but not necessary conditions on f that ensure identifiability. Now,
if we assume more generally that f* belongs to some set F of densities on [0, 1], then a nec-
essary and sufficient condition for parameters identifiability is stated in the next result, whose
proof is given in Section 5.1.

Proposition 1. The parameter (0, f) is identifiable on a set (0, 1) x F if and only if for all f € F
and for all ¢ € (0,1), we have c + (1 —¢) f & F.

This very general result is the starting point in considering explicit sets F of densities that
ensure the parameter’s identifiability on (0, 1) x F. In particular, if F is a set of densities con-
strained to have essential infimum equal to zero, one recovers the purity result of Genovese
& Wasserman (2004). However, from an estimation perspective, the purity assumption is very
weak, and it is hopeless to obtain a reliable estimate of 6 based on the value of f at a unique
value (or at a finite number of values). Because the p-values that are associated with the false
null hypotheses are likely to be small and a large majority of the p-values in the interval [1—4, 1],
for § not too large, should correspond to the true null hypotheses, the assumption that f is
non-increasing with f(1) = 0 is reasonable. Recall that this assumption is used in Langaas
et al. (2005) and partially in Celisse & Robin (2010). In the following, we explore asymptotic
efficiency results for the estimation of 6 by assuming that the function f belongs to a set of
densities (with respect to the Lebesgue measure u) defined as

Fs = { £ :[0,1] = R, continuously non-increasing density, positive on [0, 1 — §)

@
and such that fj[1—s.1] = } .

1.2. Existing estimators of 6

Let us now discuss the different estimators of 6 proposed in the literature, starting with those
assuming (implicitly or not) that f attains its minimum value on a whole interval. First,
Schweder & Spjetvoll (1982) suggested a procedure to estimate 8, which has been later used
by Storey (2002). This estimator depends on an unspecified parameter A € [0, 1) and is equal
to the proportion of p-values larger than this threshold A divided by 1 — A. Storey established
that it is a conservative estimator, and one can note that it is consistent only if f attains its
minimum value on the interval [A, 1] (an assumption not made in the article by Schweder &
Spjetvoll (1982) nor the one by Storey (2002)). Note that even if such an assumption was
made, it would not solve the problem of choosing A such that f attains its infimum on [A, 1].
Adapting this procedure in order to end up with an estimate of the positive FDR, Storey
(2002) proposed a bootstrap strategy to pick A. More precisely, his procedure minimizes the
mean squared error (MSE) for estimating the positive FDR. Note that Genovese & Wasserman
(2004) established that, for fixed value A such that the cumulative distribution function F of f

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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satisfies F(1) < 1, Storey’s estimator converges at a parametric rate and is asymptotically nor-
mal, but is also asymptotically biased: thus, it does not converge to 6 at a parametric rate.
Some other choices of A are, for instance, based on break point estimation (Turkheimer et al.,
2001) or spline smoothing (Storey & Tibshirani, 2003). Another natural class of procedures in
this context is obtained by relying on a histogram estimator of g (Mosig et al., 2001; Nettleton
et al., 2006). Among this kind of procedures, we mention the one proposed recently by Celisse
& Robin (2010) who proved convergence in probability of their estimator (to the true param-
eter value) under the assumption that f vanishes on an interval. Note that both Storey’s and
histogram-based estimators of 8 are constructed using non-parametric estimates g of the den-
sity g and then estimate 6 relying on the value of ¢ on a specific interval. The main issue with
those procedures is to automatically select an interval where the true density g is identically
equal to 6. As a conclusion on the existing results for this setup (f vanishing on a non-empty
interval), we stress the fact that none of these estimators was proven to be convergent to 6 at a
parametric rate.

Other estimators of 6 are based on regularity or monotonicity assumptions made on f or
equivalently on g, combined with the assumption that the infimum of g is attained at x = 1.
These estimators rely on non-parametric estimates of g and appear to inherit non-parametric
rates of convergence. Langaas et al. (2005) derived estimators based on non-parametric max-
imum likelihood estimation of the p-value density, in two setups: decreasing and convex
decreasing densities f. We mention that no theoretical properties of these estimators are given.
Hengartner & Stark (1995) proposed a very general finite sample confidence envelope for a
monotone density. Relying on this result and assuming moreover that the cumulative distribu-
tion function G of g is concave and that g is Lipschitz in a neighbourhood of x = 1, Genovese
& Wasserman (2004) constructed an estimator converging to g(1) = @ at rate (logn)!/3n=1/3,
Under some regularity assumptions on f near x = 1, Neuvial (2013) established that by letting
A — 1, Storey’s estimator may be turned into a consistent estimator of 6, with a non-parametric
rate of convergence equal to n—%/Zk+Dy where 5, — 400 and k controls the regularity of
f near x = 1. Our results are in accordance to the literature: no /n-consistent estimator has

been constructed yet (that is to say, estimators 6, such that Jn (én — 0) is bounded in prob-

ability, denoted by /n (én — 9) = Op(1)), as is expected from the fact that the quadratic risk
of any estimator of f cannot converge at a parametric rate in this case (theorem 1).

To finish this tour on the literature about the estimation of 6, we mention that Mein-
shausen & Biithlmann (2005) discussed probabilistic lower bounds for the proportion of true
null hypotheses, which are valid under general and unknown dependence structures between
the test statistics.

1.3. Our results

We consider the model (2) and distinguish two different cases: § is positive, and § is equal to
zero. In the first case, we exhibit 4/n-consistent estimators and also compute the asymptotic
optimal variance for this problem. In proposition 2, we prove that a very simple histogram-
based estimator is 1/n-consistent, while in proposition 3, we establish that this is also true for
the more elaborate procedure proposed by Celisse & Robin (2010), which has the advantage
of automatically selecting the ‘best’ partition among a fixed collection. However, we are not
aware of a procedure for estimating 6 that asymptotically attains the optimal variance in this
context. Besides, one might conjecture that such a procedure does not exist for regular models
(Section 3.3). In the second case, while the existence of an estimator én of 6 converging at a
parametric rate has not been established yet, we prove that if such a 1/n-consistent estimator of
0 exists, then the variance Var (ﬁ én) cannot have a finite limit. In other words, the quadratic
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risk of 6, cannot converge to zero at a parametric rate. Note that these results are also true
when we consider the more general case where the function f either vanishes on a non-empty
interval included in [0, 1] (thus not necessarily of the form [1 — 6, 1]) or not.

The article is organized as follows. Section 2 establishes lower bounds on the quadratic risk
for the estimation of 6, while Section 3 explores corresponding upper bounds, that is, the
existence of /n-consistent estimators of 6 and the existence of asymptotically efficient estima-
tors. Section 4 illustrates our results relying on simulations. The proofs of the main results are
postponed to Section 5, while some technical lemmas are proved in Appendix A.

2. Lower bounds for the quadratic risk and efficiency

In this section, we give lower bounds for the quadratic risk of any estimator of 6. For any fixed
unknown parameter § € [0, 1), we introduce an induced set of semiparametric distributions Pg
defined as

P = (o T =0+ (=016, € 0.0 x T3
where Fs has been defined in (2). Note that for any fixed value § € [0, 1), the condition stated
in proposition 1 is satisfied on the set Fs; namely, for all f* € F5 and for all ¢ € (0, 1), we have
¢+ (1 —c)f ¢ Fs. Thus, the parameter (6, f) is identifiable on (0, 1) x Fg.

We follow notation form Chapter 25 and more particularly Section 25.4 in van der Vaart
(1998) and refer to this book. More precise definitions of the objects involved will also be given
in Section 5.2 together with the proof of the main result. We let Ps denote a tangent set of
the model Ps at Py, » with respect to the parameter (6, ). For every score function g in the
tangent set Ps, we write Py, ¢ for a path with score function g. Namely, P; ¢ equals Po4, 7,
for some path ¢ — f; and some a € R.

Now, an estimator sequence 6, is called regular at Pg, » for estimating 6 (relative to the
tangent set Ps) if there exists a probability measure L such that for any score function g € Ps
corresponding to a path of the form ¢ — (6 + ta, f;), we have

ﬁ(én ¥ (P1/ﬁ,g)) = \/E[én - (9 + %)] 4, L. under Py, sz o

where i denotes convergence in distribution. According to a convolution theorem (see
theorem 2520 in van der Vaart, 1998), this limit distribution can be written as the
convolution between some unknown distribution and the centred Gaussian distribution
N (0, Py, s (1/73 f)) with variance

Po, s (%,f) = /%Jdﬂ”e./v

where Vg s is the efficient influence function. Thus, we say that an estimator sequence is asymp-
totically efficient at Py, (relative to the tangent set Ps) if it is regular at Py r with limit

distribution L = N (0, Py, r (1}5 /»)); in other words, it is the best regular estimator.

We define the quadratic risk of an estimator sequence 6, (relative to the tangent set Ps) as
supliminf sup Py, /7 . [ﬁ (én -y (Pl/ﬁ g))]z’
Es n—00 geEs ’ ’

where the first supremum is taken over all finite subsets Eg of the tangent set Ps. According to
the local asymptotic minimax theorem (see theorem 25.21 in van der Vaart, 1998), this quantity
is lower bounded by the minimal variance Py, s (1/}5 f).

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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Moreover, according to lemma 25.23 in van der Vaart (1998), an estimator 6, of 0 is
asymptotically efficient if and only if

ﬁ(én —9) = % Z 1,/~/t9,f(Xi) + opy , (1).
i=1

Hence, an asymptotically efficient estimator is asymptotically normal with asymptotic variance
equal to the optimal variance.

Theorem 1.
(1) When § = 0, there is no regular estimator for 0 relative to the tangent set Py, and any
estimator sequence 0y, has an infinite quadratic risk, namely

n 2
suptimin! sup By, [ (3 = (P1yvms))| = 4o

where the first supremum is taken over all finite subsets Eq of the tangent set Py.
(2) Whené$ > 0, we obtain that

(i) For any estimator sequence én,

. A 2 1

swptimint sup Ep, oz, [V (i = (P )] 20 (5-9)
where the first supremum is taken over all finite subsets Eg of the tangent set Ps.

(ii) A sequence of estimators 0, is asymptotically efficient if and only if it satisfies

A RN | —1/2
bn =~ > 5 1Xiet—s.11 +opy (” / ) Y

i=1

Let us now comment on this theorem. The case where f vanishes on a non-empty interval
(6 > 0) appears to be easier from an estimation perspective. Otherwise ( f vanishing at most on
isolated points), it is usual to add assumptions on f. Here, we choose to consider the case where
f is assumed to be non-increasing (see definition (2) of Fs). Similar results may be obtained
by replacing this assumption with a regularity constraint on f. Note also that when § > 0, the
assumption that f is non-increasing could be removed without any change in our results.

When § = 0, we obtain that if there exists a /n-consistent estimator in model Py, it can

not have finite asymptotic variance. In other words, we could have /n (én — 9) = Op(1) for

some estimator én but then Var ﬁén) — +o00. However, we note that the only rates of

convergence obtained until now in this case are non-parametric ones.
When § > 0, for fixed parameter value A such that G(A) < 1, Storey’s estimator
gStorey ()) satisfies

sy, 1= GO - G )
Vi -2 ) v (0 S

(see, for instance, Genovese & Wasserman, 2004). In particular, if we assume that f vanishes on
[A, 1], then we obtain that G(1) = 1—0(1—2A) and gStorey (1) becomes a +/n-consistent estimator
of 6, which is moreover asymptotically normal, with asymptotic variance 6 ((1 — N7 - 0).
In this sense, the oracle version of Storey’s estimator that picks A = 1 — § (namely choosing A
as the smallest value such that f vanishes on [A, 1]) is asymptotically efficient. Note also that
650y (1) automatically satisfies (3).

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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3. Upper bounds for the quadratic risk and efficiency (when § > 0)

In this section, we investigate the existence of asymptotically efficient estimators for 6, in the
case where 6 > 0. We consider histogram-based estimators of § where a non-parametric his-
togram estimator ¢ of g is combined with an interval selection that aims at picking an interval
where g is equal to 6. We start by establishing the existence of /n-consistent estimators: a sim-
ple histogram-based procedure is studied in Section 3.1, while a more elaborate one is the object
of Section 3.2. Finally, in Section 3.3, we explain the general one-step method to construct an
asymptotically efficient estimator relying on a /n-consistent procedure and discuss conditions
under which an asymptotically efficient estimator could be obtained in model Ps.

Note that we will assume that the density f belongs to Fs with § > 0 throughout the current
section. However, the results are easily generalized to the case where f vanishes on a non-empty
interval included in [0, 1] and is monotone outside this interval.

3.1. A histogram-based estimator

Let g; be a histogram estimator corresponding to a partition I = ()
defined by

p of [0,1],

D
g1(x) = Z nic |11,((x)

where ny = card{i : X; € Ix} is the number of observations in Iy and |Ix| is the width of
interval Ix. We estimate 6 by the minimal value of g;; that is,

A . nk ng
07, = min = L
1<k<D n|l| n’l~

. 4

Kn

where we let

n

~ . ng 1

k;, € Argmin = E I1x;er, ¢ -
! l<k<D {n|lk| n|l| i=1 <

Note that histogram estimators are natural non-parametric estimators for g when assuming
that f € Fs with § > 0; that is, g is constant on an interval. It is easy to see that 67, is

almost surely consistent as soon as the partition / is fine enough. We moreover establish that
this estimator has the MSE of the order 1/n. The proof of this result appears in Section 5.3.

Theorem 2. Fix § > 0 and suppose that f € Fs. Assume moreover that the partition I is such
that maxy |Ix | is small enough, then the estimator 01 , has the following properties

(i) é[,n converges almost surely to 0,

(ii) limsup nE [(é,,n - 9)2] < +too.
n—oo

Note that because 91,,, has the MSE of the order 1/n, we can deduce that 91,,1 is /n-
consistent and has a variance of the order 1/n. However, asymptotic normality of 67, or the
value of its asymptotic variance are difficult to obtain. Indeed, for any deterministic interval I,
the central limit theorem (CLT) applies on the estimator ng /(n|lx|). But, a histogram-based
estimator such as 7.n 1s based on the selection of a random interval I and the CLT fails to
apply directly on n;/ (nll |). Note also that the choice of the partition 7 is not solved here.

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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From a practical point of view, decreasing the parameter maxy |/ | will in fact increase the
variance of the estimator. In the next section, we study a procedure that automatically selects
the best partition among a given collection.

3.2. Celisse and Robin’s procedure

We recall here the procedure for estimating 6 that is presented in Celisse & Robin (2010). It
relies on an elaborate histogram approach that selects the best partition among a given collec-
tion. As it will be seen from the simulations experiments (Section 4), its asymptotic variance is
likely to be smaller than for the previous estimator, justifying our interest into this procedure.
Unfortunately, from a theoretical point of view, we only establish that this estimator should be
as good as the previous one. Note that because not many estimators of 6 have been proved to
be /n-convergent, this is already a non-trivial result.

For a given integer M, define Zas as the set of partitions of [0, 1] such that for some integer
k with 1 < k < M — 2, the first k intervals are regular of width 1/M, and the last one is of
width (M — k)/M , namely,

M —k
M

1
Iy = {I(k)z(li)i=l ..... k11 Vi <k || = u [k+1] = ’ISkSM—2}.

These partitions are motivated by the assumption that f vanishes on a set [1 —§,1] C [0, 1].
Then for two given integers Mmin < Mmax, denote by Z the following collection of partitions

I= U Zom )
Mmin <M =Nmax

Every partition I in Z is characterized by a doublet (M = 2™, 1 = k/M), and the quality
of the histogram estimator g; is measured by its quadratic risk. So, in this sense, the oracle
estimator gy~ is obtained through

1
I* —argmin E [||g . ||§] —argmin R(I), where R(I)=E ||g,||§—2/ 81(0)g(x)dx|.
Iez Iz 0
However, for every partition I, the quantity R(/) depends on g, which is unknown. Thus, 7*
is an oracle and not an estimator. It is then natural to replace R(/) by an estimator. In Celisse

& Robin (2008, 2010), the authors use leave-p-out estimator of R(/) with p € {1,...,n — 1},
whose expression is given by (see Celisse & Robin, 2008, theorem 2.1)

R ~ m—p nk p+1 ng
Rol) = GG =y 2] (n_l)(n_p)z|1k|( ) *

The best theoretical value of p is the one that minimizes the MSE of R, (), namely

. 2
p*(I)= argmin MSE(p,I)= argmin E[(RP(I)—R(I)) ] .
pe{l,.... n—1} pe{l,.... n—1}
It clearly appears that MSE(p,I) has the form of a function ®(p,/,«a) (see Celisse &
Robin, 2008, proposition 2.1) depending on the unknown vector @ = («¢1,a2,...,0¢p) with
ar = P(X; € Ix). A natural idea is then to replace the axs in ®(p, I, «) by their empirical
counterparts &x = ny/n, and an estimator of p* (1) is therefore given by
p(I) = argmin m(p, I)= argmin ®(p,1,q).
pe{l...., n—1} pell...., n—1}

The exact calculation of p(7) may be found in theorem 3.1 from Celisse & Robin (2008). Hence,
the procedure for estimating 6 is the following one:

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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(1) For each partition I € Z, define p(I) = argmin m(p, 1),
pef{l..... n—1j}

(2) Choose I = (M ,i) € argmin R p(r)(I) such that the width of the interval [i, 1] is
Iz

maximum,

(3) Estimate 6 by é,?R = card {i 1 X; € [i, 1]} / [n (1 —i)]

Remark 3.1. In our procedure, we consider the set of natural partitions defined by (5), while
Celisse & Robin (2010) used the one defined by

7= U Im,

M min <M < Mmax

where Zpy is the set of partitions of [0, 1] such that the first k intervals and the last M —/ ones
are regular of width 1/M, for some integers k,/ with2 <k +2 <[/ <M,

1 I —k
IM={]=(]i)i5Vi§ék+1’|li|zﬁv |]k+1|=7’2§k+2515M}~

This change is natural for lowering the complexity of the algorithm and has no consequences
on the theoretical properties of the estimator.

In Celisse & Robin (2010), the authors only established convergence in probability of this
estimator. Here, we prove its almost sure convergence, /n-consistency and establish that its
variance is of the order 1/n. We now introduce a technical condition that comes from Celisse
& Robin (2010). We let

D i
V(. j)eN? 5=y

k=1

and further assume that the collection of partitions Z and density f are such that
VI e€Z, 8s11521 — 2S121 + 8532 — 10s§1 — 4520 #0, 5201 —s220 — 8532 + 3511 #0.  (7)

This technical condition is used in Celisse & Robin (2010) to control the behaviour of the
minimizer p(7). We are now ready to state our result, whose proof can be found in Section 5.4.

Theorem 3. Suppose that f satisfies the technical condition (7) and f belongs to Fs. Assume
moreover that My is large enough, then the estimator OSR has the following properties:

(i) é,? R converges almost surely t0 0,
(ii) énCR is \/n-consistent, that is, ﬁ(é,fR - 9) = Op(1);

~ 2
(iii) If p is fixed, then lim sup nE [(encR _ 9) ] < oo

n—o0

Here again, asymptotic normality of énc R or the exact value of its asymptotic variance is
difficult to obtain. Heuristically, one can explain that this procedure outperforms the simpler
histogram based with fixed partition approach described in the previous section. Indeed, when
considering a fixed partition, the latter should be fine enough to obtain convergence but refin-
ing the partition increases the variance of 9 7.n. Here, Celisse and Robin’s approach realizes a
compromise on the size of the partition that is used.

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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3.3. Existence of asymptotically efficient estimators

In this section, we introduce the one-step method, a general procedure that aims at construct-
ing an asymptotically efficient estimator relying on a +/n-consistent one (see van der Vaart,
1998, Section 25.8). Note that if an asymptotically efficient estimator exists, then it can always
be constructed by the one-step method, but the method works under conditions that are not
always satisfied. Here again, we use terminology from semiparametric theory. Let 6, be a
J/n-consistent estimator of 6, then 6, can be discretized on grlds of mesh width n~1/2. Sup-
pose that we are given a sequence of estimators l,,_g() = Zn’g( : X1,...,X,) of the efficient
score function INQ"/’ (an expression of the efficient score function in our context is given in
Section 5.2). Define with m = |n/2],

0.0 () = m@( Xi,..., Xm) if i >m,
.. bemoC: Xmi1s . X)) if i <m.

Thus, for X; ranging through each of the two halves of the sample, we use an estimator lA,,.g. i
on the basis of the other half of the sample. We assume that, for every deterministic sequence
0 =0 + O (n~'/2), we have

~ Py, 5
ﬁp@n S ln .6n — O’ (8)
n—oo

Po, 7 I oy 12 —L5 0 9
On.f ” n.6, — Gnsf” n—00 ’ ( )

~ 0
/||19n,_,»dﬂ>;:ﬁ —lp.rdPy 3> —— . (10)

n—oo

Note that in the aforementioned notation, the term Pg,l_/f for some random function / is an
abbreviation for the integral [ I (x)dPg,, r(x). Thus, the expectation is taken with respect to
x only and not the random variables in [. Now under the aforementioned assumptions, the
one-step estimator defined as

_1 n
(Zz (X)) S0, g (X0

i=l1 i=1

is asymptotically efficient at (6, /) (see van der Vaart, 1998, Section 25.8). This estimator
6, can be considered a one-step iteration of the Newton—Raphson algorithm for solving an
approximation of the equation _; l~9, r(X;) = 0 with respect to 6, starting at the initial
guess 0.

Now, we discuss a converse result on necessary conditions for existence of an asymptotically
efficient estimator of 8 and its implications in model Ps.

Under condition (10), it is shown in theorem 7.4 from van der Vaart (2002) that the existence
of an asymptotically efficient sequence of estimators of 6 implies the existence of a sequence
of estimators lAn,e of l~9, r satisfying (8) and (9). Thus, in this case, if an asymptotically effi-
cient estimator sequence exists, then it can always be constructed by the one-step method. In
our case, it is not difficult to prove that condition (10) holds. Then, the estimator I, n.0 of the
efficient score function ZNQ,  must satisfy both a ‘no-bias’ (8) and a consistency (9) condition.
The consistency is usually easy to arrange, but the ‘no-bias’ condition requires a convergence
to zero of the bias at a rate faster than 1/./n. We thus obtain the following proposition, whose
proof can be found in Section 5.3.

© 2014 Board of the Foundation of the Scandinavian Journal of Statistics.
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Proposition 2. The existence of an asymptotically efficient sequence of estimators of 0 in model
735 is equivalent to the existence of a sequence of estimators l,, 0 of the efficient score function
lg r satisfying (8) and (9). Moreover, lfthe efficient score function lg r 1s estimated through a
plug-in method that relies on an estimate 8n of the parameter §, then this condition is equivalent

0 ﬁ(gn —8) = op(1).

Let us now explain the consequences of this result. The proposition states that efficient esti-
mators of # exist if and only if estimators of l~9, # that satisfy (8) and (9) can be constructed.
As there is no general method to estimate an efficient score function, such an estimator should
rely on the specific expression (15). Although we cannot claim that all estimators of /g, 5 are
plug-in estimates based on an estimator of the parameter H plugged into expression (15), it is
likely to be the case. Then, existence of efficient estimators of 6 is equivalent to existence of
estimators of § that converge faster than the parametric rate. Note that this is possible for irreg-
ular models (see Chapter 6 in Ibragimov & Has'minskil, 1981, for more details). However, for
regular models, such estimators cannot be constructed, and one might conjecture that efficient
estimators of 6 do not exist in regular models.

4. Simulations

In this section, we give some illustrations of the previous results on some simulated experiments
and explore the non-asymptotic performances of the estimators of 6 previously discussed. We
choose to compare three different estimators: the histogram-based estimator é[,n defined in
Section 3.1 through (4), the more elaborate histogram-based estimator énc R proposed in Celisse
& Robin (2010) and finally Langaas et al. (2005)’s estimator, denoted by é,{‘ and defined as the
value g(X(,)) where X () is the largest p-value and g is Grenander’s estimator of a decreasing
density. We investigate the behaviour of these three different estimators of 6 under two different
setups: § = 0 and § € (0, 1). More precisely, we consider the alternative density f given by

s—1

)= d 5 (1 - 1ng) 1j0.1-81 (%),

where § € [0,1) and s > 1. This form of density is introduced in Celisse & Robin (2010)
and covers various situations when varying its parameters. Note that f is always decreasing,
convex when s > 2 and concave when s € (1,2]. In the experiments, we consider a total of
8 different models corresponding to different parameter values. These models are labelled as
described in Table 1, distinguishing the cases § = 0 and § > 0. As an illustration, we repre-
sent some of the densities obtained for the p-values corresponding to 4 out of the 8 models in

R R 2
Figure 1. For each estimator 6, of 6, we compare the quantity nlE |:(9n — 9) ] with the opti-
mal variance 6 (8_1 — 6) when this bound exists. Equivalently, we compare the logarithm of

. 2 .
MSE, log(MSE) = log E |:(9,, — 0) ] for each estimator 6, with —log(n) +log [0 (67! — 0)].

Table 1. Labels of the 8 models
with different parameter values

(s,0) §=03 §=0

(3,0.6) (a1) (a2)
(3,0.8) (1) (b2)
(1.4,0.7) (c1) (c2)
(1.4,0.9) (dy) (d2)
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Fig. 1. Density function of the p-values. Top left: model (b;); top right: model (d1); bottom left: model
(a2); bottom right: model (¢2).

When § = 0, we only compare the slope of the line induced by log(MSE) with the para-
metric rate corresponding to a slope —1. In each case, we simulated data with sample size
n € {5000, 7000, 9000, 10000, 12000, 14000, 15000} and perform R = 100 repetitions.

When computing the estimator 9 7.n» the choice of the partition I surely affects the results.
Here, we have chosen a regular partition 7 such that it is fine enough (we fixed |/ | < §) but not
too fine (choosing a too small value of | /x| increases the variance). The choice of the partition
in the simple procedure 7., is an issue for real data problems. Our goal here is to show that
on simulated experiments, the ‘best’ of these estimators still has a larger variance than énc R
Note that the partition 7 is always included in the collection Z of partitions from which énc R
is computed.

The results are presented in Figure 2 for the case § > 0 and Figure 3 for the case § = 0.
First, we note that in both cases (§ > 0 and § = 0), the estimator of Langaas et al. énL has
non-parametric rate of convergence (null slope) and performs badly compared with 6 7.n and
énc R In particular, when § = 0, the two histogram-based procedures 9 7.n and énc R have better
performances than the estimator énL despite the fact that the latter is dedicated to the convex
decreasing setup. Now, when § > 0, both estimators él,n and énc R exhibit a parametric rate
of convergence (slope equal to —1). Moreover, énc R has a smaller variance than 6 7.n (smaller
intercept), and this variance is very close to the optimal one (6! — ). Now, when § = 0, we
observe two different behaviours depending on whether f is convex or not. Indeed, for models
(a2) and (by) corresponding to the convex case, we observe that both estimators 6 7.n and énc R
still exhibit a parametric rate of convergence, with a smaller variance for énc R These estimators
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Fig 2. Logarithm of the mean squared error as a function of log(n) and correspondmg linear regression

for OL (o and black line, respectively), GCR (O and blue line, respectively) and 91 n (o and green line,
respectlvely) in the case § = 0.3, for different parameter values: (a1) top left; (b;) top right; (c1) bottom
left; (dy) bottom right. Red line represents the line y = —log(n) + log[0(8~! — 0)].

are thus robust to the assumption that f vanishes on an interval in the convex setup. The results
are slightly different when considering models (c2) and (d2) where f is now concave. These
estimators have a more erratic behaviour, exhibiting either parametric rate of convergence (énc R
in model (c2) and 67, in model (d2)) or non-parametric rates. Their respective performances
in terms of variance are also less clear. Nonetheless, we conclude that é,lc R geems to exhibit
the overall best performances, with the parametric rate of convergence and almost optimal
asymptotic variance.

5. Proofs
5.1. Proof of proposition 1

Sufficiency: Let us suppose that for all f € F and forall ¢ € (0,1), wehavec + (1 —c¢) f ¢ F.
We prove that the parameters 6 and f are identifiable on the set (0, 1) x F by contradiction.
Suppose that there exist (61, f1) and (62, f2) € F, (01, f1) # (62, f2) such that

01+ (1 —061) f1(x) =62+ (1 — 62) fo(x), forallx € [0, 1]. (11

We can always consider 81 > 6». Let us denote by ¢ = (61 — 62)/(1 — 6>), then ¢ € (0,1). We
obtain that

O+ (1 —=01)fi(x) =02+ (1—02)(c+ (1—c)fi(x)), forallx €[0,1]. (12)

From (11) and (12), we have f> = ¢ + (1 —c¢) f1, it means that there exist f; € F and ¢ € (0, 1)
such that ¢ + (1 — ¢) f1 € F. So we have a contradiction.
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Fig. 3. Logarithm of the mean squared error as a function of log(n) and correspondlng linear regression
for 9L (o and black line, respectively), OCR (O and blue line, respectively) and 01 n (e and green line,
respectively) in the case § = 0, for dlfferent parameter values: (a3) top left; (b2) top right; (c2) bottom
left; (d>) bottom right. Red line represents the line y = —log(n) + ¢ for some well-chosen constant c.

Necessity: Suppose that the parameters 6 and f are identifiable on the set (0,1) x F. We
prove by contradiction that for all f € F and forall ¢ € (0,1), wehave c + (1 —¢) f ¢ F.
Indeed, suppose that there exist f € F and ¢ € (0,1) such that ¢ + (1 —¢)f € F. For all
01 € (0,1), we denote 8> = ¢ + (1 — ¢)01, then we obtain

01+ (1—01)(c + (1—¢)f(x)) = 0> + (1 — 62) f(x), for all x € [0, 1].

This implies that 6 and f are not identifiable on the set (0, 1) x F.

5.2. Proof of theorem 1

Let us first describe more precisely the objects arising from semiparametric theory in our set-
ting. Fix a parameter value (6, f) and consider first a parametric submodel of Fs induced by
the following path:

1= fi(x) = c(®k(tho(x)) f(x), (13)

where hg is a continuous and non-increasing function on [0, 1], the function k is defined
by k) = 2(1 4+ e 2*)~! and the normalizing constant c(¢) satisfies c(r)~! =
[ k(tho(u)) f(u)du. A tangent set f755 for the parameter f is composed of the score func-
tions associated to such parametric submodels (as /g varies). It is easy to see that the path (13)
is differentiable and that its corresponding score function is obtained by differentiating ¢
log[@ + (1 — 0) f;(x)] at t = 0. We thus obtain a tangent set for f given by
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(1-6)fho

et

; ho 1s continuous and non-increasing on [0, 1—§) with, / fho= 0} .
We consider parametric submodels of Ps induced by paths of the form ¢ +— Pgy4, r, where
the paths ¢ — f; in Fg are given by (13). We remark that if I 6. s is the ordinary score function
for 6 in the model in which f is fixed, then for every ¢ € R and for every i € ‘/'7'?5, we have
that Cll.g.f + h is a score function for (6, f') corresponding to the path ¢t — Pg4,4, 7, . Hence,
a tangent set Ps of the model P at Py,  with respect to the parameter (6, f) is given by the
linear span

s =lin (lo.s + Ps) = {alo.s + Bhi @.B) R h & ,Ps).
Moreover, the ordinary score function 1'9./- for 6 in the model in which f is fixed is given by

. a 1 _

(14)
Now we let l~9,f be the efficient score function and Ig, s be the efficient information for
estimating ¥ (Pg, r) = 6. These quantities are defined respectively as

lo.y =lo.r — o rlg.randlp s =Py s (ig,f) ;

where Ilg, s is the orthogonal projection onto the closure of the linear span of ‘/'7.75 in
L>(Pg, ). The functional ¥ : Py _r — 0 is said to be differentiable at Pg, s relative to the tan-
gent set Ps if there exists a continuous linear map 1;9"/’ : Lo(Pg, ) = R, called the efficient
influence function, such that for every path ¢ — f; with score function i € ‘/'7.?5, we have

VaeR, a= /&e,f(x) [aTl'g,f(x) n h(x)] APy /(x).

Setting ¢ = 0, we see that this efficient influence function must be orthogonal to the tan-
gent set f75,;. Finally, note that under some assumptions, the efficient influence function Vg, r
equals [ 0. ‘1/»Z~9, 7 (see lemma 25.25 in van der Vaart, 1998). The following proposition provides
expressions for these quantities in our setup.

Proposition 3. The efficient score function l~9, r and the efficient information I, 7 for estimating
0 in model Pg are given by

~ 1 1 -
lg.r(x) = 7 ———1lj0,1-8)(x) and g 5 = (15)

9(1— 65) 0(1—08)

where 14(-) is the indicator function of set A. When § > 0, the efficient influence function Vg, f
relative to the tangent set Pg is given by

~ 1
Vo.r(x) = 31[1—5,1]()6) — .

Proof of proposition 3. The ordinary score function /g, # can be written as
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3
lo.r(x) = 39 10glf + (1= 0) f(x)]

=( - 1)
0+ (1-0)f(x)

Let us recall that ITy, r is the orthogonal projection onto the closure of the linear span of f7.75
in L>(Pg, r). We prove that the orthogonal projection of /g, » onto this space is equal to the
first term appearing in the right-hand side of (16), namely,

S (x) §

. 1—
Mo.rlo.s ) = (G s + g ) Ho1-») (n

and then the efficient score function for 6 is

(16)
——1j0,1-5)(x).

8 1
10.1— —1n—
+ 1_%) 0.1-5(¥) + Fln—s.11(¥) — 7=

= )
lo. s (x) =g, s (x) =T rlo, s (x) = 1[1 8.11(0) = Tz l0.1-5) (¥)-

In fact, we can write

1-f 5\, (=0 fho
_(0+(1—9)f+1—98) 018 = 9 a-0)/

where

ho(x) = )1[0 ) (x).

1
— | 1-6—
(1—9)(1—95)( S (x)
The function hg is continuous and decreasing on [0, 1 — §). It is not difficult to examine the
condition [ fho = 0. Hence,

-7 § _
(9 a7 1- 95) 1i0.1-5) belongs tolin (, Ps).

Now, to conclude the proof of (17), it is necessary to establish that the second term in the
right-hand side of (16) is orthogonal to the closure of the linear span of f75,;, namely

1

5 e
M) — —Mjo—s) = ———Tjo.1—8) — — L i
glu-sn — Tggloa-0 = ga—pploa—s = gz L lin(,Ps).

where | means orthogonality in .2 (Pg, r). In fact, for every score function

_ (1=0)fho
T+ (1-6)f

the scalar product between / and the remaining term in (16) is given by

1 1 5
/(; |:9(1 98)1[0.1—8)(x)_m]h(x)dlpg’f(x)

— — )8
- M/(; S ()ho(x)10,1—8) (x)dx — )

€ ./’755,

/ F(ho(x)dx = 0.

This establishes (17). Let us now calculate the efficient information

lo.y =Po s (ig_f)
1 1 82
- <921n 51](X)+m1[0,1—6>(x)) 6 +(1-0)f()ldx
. )
0(1—05)
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We now turn to the particular case where § = 0. In this case, the previous computations
show that 1'9./- belongs to the closure of the linear span of ‘/'7.75 and that the Fisher information
is zero. When § > 0, the Fisher information is positive and the efficient influence function is
given by

1
Vo.r(x) = I Yo r(x) = 1[1 —s.11(x) —
which concludes the proof. |
We are now ready to conclude the proof of theorem 1.

Proof of theorem 1. We start by dealing with the case § = 0. Let us recall that in this case, the
ordinary score [g_s belongs to sPo and the Fisher information is zero. Then, using theorem 2
in Chamberlain (1986), we conclude that there is no regular estimator for 6 relative to the
tangent set Po. We remark that the tangent set f7'30 is a linear subspace of L.2(Py. r) with
infinite dime?nsion. So we can choose an orthonormal basis {4; }72 | of f750 such that for every
m,wehave lg s ¢ 7Pom :=lin(hy, ha,..., hy). We thus have

suphmmf sup Epy, e I:\/Z(én -y (Pl/ﬁ,g))]z

Eo n—oo g€E

= supliminf sup Ep,, - [V (6 —v (Pl/ﬁ’g))]z,

Fo "7 geFy

where Eg and Fy range through all finite subsets of the tangent sets Po = lin (1'9, F+r 750) =

/-750 and lin (l'g"/’ + ‘/'7.70,m) = /-750,,,,, respectively. The efficient score function for 6

corresponding to the tangent set s Po.m is

m

lo.rm =lo.;r =Y lo.r.hi)h; #0.

i=1

Moreover, the efficient information g s, = Pg. s (l% f,m) is non-zero. Using lemma
25.25 from van der Vaart (1998), the efficient influence function relative to the tangent set
lin (l'gh/’ + ‘/'7.70,m) is Vo, m = ig_.‘lf;mig,/;m. So we can apply theorem 25.21 from van der
Vaart (1998) to obtain that

sup liminf sup Ep]/ﬁ‘g [\/ﬁ(én -y (Pl/ﬁ!g))]z > ~9_,lf,m

FO n—oo gGFo

Because Iy s, —> lg.r = 0, we obtain the result. The second part of the proof con-
: m-—0o0 )

cerning § > 0 is an immediate consequence of proposition 3 together with theorem 25.21 and
lemma 25.23 in van der Vaart (1998). |

5.3. Proofs from Sections 3.1 and 3.3

Proof of theorem 2. Letusdenoteby D = {1,2,--- , D} Do = {k € Dsuchthat Iy C [1-§,1]}
and Dy =D\ Do = {k € D such that Iy ¢ [1 —38,1]}. We fix an integer ko € Do. We start by
proving that the estimator 67 , converges almost surely to 6. Indeed, we can write that

EIED> (m O) 1 fin =k} + (Bra—0)1 {1, 2=} a®)
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where 1{A} or 14 is used to denote the indicator function of set A. By using the strong law of
large numbers, we have the almost sure convergence

ng a.s.

Vk € Dg, —— —— 0,
n|lg| n—+oo
n .. o 1

VkeDy, — 2% %K | gu)du> 6.
nllg| n—+oo |[Ix| k| Jiy

As a consequence, we obtain that the second term in the right-hand side of (18) converges
almost surely to zero, namely,

n
n| x|

a.s.

I CRONCELIEDS

n——+oo
keDo keDo

The third term in the right-hand side of (18) also converges almost surely to zero. Indeed,
we have

bl 50 -60) = ) S

keD,

Forall k € Dy,

~ nk n; .
1k, =k; =1 < ,VjeD
{fr =} {n|1k| =i }

nl Ik, | [l nllel = 1ol

{ Mg o Nk Ok }

Because € = ax /|Ix| —0 > 0 and

Nkq (097 Nk a.s.

L L LN
n|Ix,| [Ix|  nlx| n—doo
we obtain that
n o n .S,
1{ ko g, Ok _ M zek}Lo,
Ikl x| nlikl n—+oo

which concludes the proof of the almost sure convergence of 2 7.n- We now prove the second
statement of the proposition. We have

B|(vi (0 -0)) ] = X E[(ﬁ(uﬁa ‘9))21’€"="}

keDo

¢ o)) ]

keD

(19)

The second term in the right-hand side of (19) is bounded by
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= (A ) e = iy o) Z el o)

keD k€D

where for all k € Dy, according to Hoeffding’s inequality,
N ni Nk
Plkp=k) <P <
(fr =) = (n|1k| - ”|Iko|)
u“ 1 oK
<P 11X; €1 0+ ———1{X; €l >
- |:Z( { € k()} + |Ik| |]k| { € k}) _ngki|

=1 kol

-2
exp | —2ne? L + !
F\ Ikl | '

For the first term in the right-hand side of (19), we apply Cauchy—Schwarz’s inequality

kZDE[< (57 9))21@45 ZE[( (3 - ))4} R,

keD keDo

ZE[( ( Ik _9))4}’

keD

IA

IA

(20)

where for all k € Dy,

g )

1

1 4 I’l—l 2 21
—]E|:(|I |1{x1 €Iy} — ) } - [(ml{Xl €I} — ) } 2D

0 1 40 662 n—1
=— |- + —— =303 | + —0}.
<|1k|3 [Ik> 7 i ) n K

Thus, we finally obtain that
Z [9( 1 40 +6492 393) n—1 4]+
- o
n \Ikl® [kl? Ukl no K

A 2
nE[(GLn —9) ] <
keDo
1 \2
nexp | —2ne? + ot
(=) e[ (g o) | [T

Proof of proposition 2. Let us first establish that condition (10) holds. In fact, with the notation
po.r =0+ (1—0)f, wehave

1 - 2
[ Vil =To.abl{ 3P = [ (7. (1o, Cr=To.s () Vo (9)) dx

< 2/0 (iGn,f(x)_iG,./'(x))ZPGn.f(x)dx+2/;lig../'(x) (\/PGn.f(x) - \/pe,./’(X))zdx

|
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<z/1 L ! ! )1~ ’ (0)d
=L L0 0 T\B(1=08) " 0p(1=6,8)) IZ0H| PO sIR)EX

T 1 2 (0, —0)2(1 — f(x))?
2 f [5 - m1<f<x>>o;] 6 =020 = ),
0 (\/Pen,f(X) + \/PG,./’(X))

! 1 86 +6,) + 1 2
< 2
2/ 6 =6) [99n+99n(1—95)(1 enS)l{f(X)>°}] Pon. 1 ()
2
) Qn_ez[ ! ] (1 f(x)
* /( ) 02(1 — 6)2 (f_k\/—)

i _pp[C, catace )] IR N Y
_(49,1—9)|: 02(1— 9)2:| +Cn 9)|: 63(1 — 9)2]_0(”)’

where C is some positive constant. Thus, according to theorem 7.4 from van der Vaart (2002),
the existence of an asymptotically efficient sequence of estimators of 6 is equivalent to the
existence of a sequence of estimators lAn,g satisfying (8) and (9).

Now in model Pg, the efficient score function l~9, £ 1s given by

lo.r(x) = 1i0.1-5)(x),

1__ 1
0 6(1—6%)

so that it is natural to estimate the parameter § in order to estimate INQ"/’. Let §,, be any given
consistent (in probability) estimator of §. Let us examine condition (8) more closely. We have

ﬁP@,l"/'in,gn \/—Pe,l '(n O — l~9n )

1
= \/_/ 7, [1_ 10,15, () — _gn(gl[o,l—s)(X)]gen,f(X)dx

0,,6n
L 1 1
= —_ — 1 N
/(; On [(1—0,13” 1—9n8) [0’1_8")(X)
! 1 1 d
+ m( [0.1-3,)*) — [o,1—5)(x)) 86,5 (X)dx

1—3,, . 1_871
86,. s (%) dx+ /i gen,f(X)dx

= \/Z(Sn—g)/(; (1 _9n8) (1 _engn) n s 1—9,18

1-68
_ § go.r(x)  go.r(1-96)
= V15 -9) [/0 (-2 " 1= +”P(1)]

Hence, the ‘no-bias’ condition (8) is equivalent to the existence of an estimator 8p of § that
converges at a rate faster than 1/,/n, namely such that /n (3,1 — 8) = op(1). With the same
argument as in the previous calculation, the consistency condition (9) is satisfied as soon as the
estimator §,, converges in probability to §. |

5.4. Proof of theorem 3

For each partition 7, let us denote by F; the vector space of piecewise constant functions built
from the partition 7 and g; the orthogonal projection of g € L2([0, 1]) onto F;. The MSE of
a histogram estimator g; can be written as the sum of a bias term and a variance term

E[llg - 2r1B] = llg — 2113 + E[llgr — &:13]
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We introduce three lemmas that are needed to prove theorem 3. The proofs of these technical
lemmas are further postponed to Appendix A.

Lemma 1. Let I = (Ik)kD=1 be an arbitrary partition of [0,1]. Then the variance term of
the MSE of a histogram estimator &y is bounded by C /n, where C is a positive constant. In
other words,

B[l -a18] = 0 (5).

For any partition I = (Ix)1.....p of [0, 1], we let

L) =|lgr —gll3 and L) = Rp(1) +igl3,
respectively, the bias term of the MSE of a histogram estimator g; and its estimator.

Lemma 2. Let I = (Ix);

that im p/n < 1. Then we have the following results:
n—>

p be an arbitrary partition of [0,1]. Let p € {1,2,...,n — 1} such

) Lp(1) == L(I)
(i) V1 (Lo (1 =L(D)) = Vi (Rp (D= R(D) + == (511 =521) — N (0.4 (s532-53,)).

Let I, J be two partitions in Z, then [ is called a subdivision of J and we denote I < J, if
Fy C Frand I 4 J otherwise.

Lemma 3. Suppose that function f belongs to Fs. Let us consider mmax large enough such that
8 > 217"Mmax Define N = 2"max qnd IN) = (N,An) € ZwithAy = [N(1 —8]/N. Then for
every partition I € I, we have

(i) If I is a subdivision of ‘™) then L(I) = L(I ™).
(ii) If I is not a subdivision of 1Y) then L(I) > L(I‘™)).

We are now ready to prove theorem 3, starting by establishing point 7). First, we remark that
under condition (7), Celisse and Robin proved in their proposition 2.1 that

‘551” % loo(I) € [0,1).

Denoting by A* = [1—§,1]and A = [)At, 1], we may write

rCR 1 “ ‘ B s
iR=0+ Y [mZI{X,e[A,I]} 9}1{1_”

I=(N. X)) i=1 (22)
+ (é,?R - 9) liﬂI(N)’

where N = 2™m= a5 in lemma 3. For each partition 7 = (N, 1) < I™") we have [A,1] € A*.
By applying the strong law of large numbers, we obtain that
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as. PX; e[ 1) _

s 6.

1 n
20D ,; 1X; € A 1]} —

Because the cardinality card(Z) of Z is finite and does not depend on #n, in order to finish the
proof, it is sufficient to establish that

ACR a.s.
(Gn —e)liﬂl(/\/) —)n—>oo 0
Using lemma 3, we have L (f) > L(I™)). Let

— : _ (N)
y = I%nlle)L(l) L™y >0, (23)

we obtain that

G801 = =L (1) -0 =)

5(1\/—9)1{1:

sy (1) =L ()] + [Lsam@™) —La™)
+ Loy (1) = Lpaom ™) = v}
<(N-0)1 {2§1ég‘f,ﬁ([)(1) —L(I)‘ + iﬁ(i) (i)
— Loy (I™) = V}-

By definition of i, we have iﬁ(f) (i) — Z,ﬁ(,(/v))(l(/\’)) <0, so that

IA

bR 0|10 = N —9)1{sup Lo () = L] = g}
yASyA

24

IA

N =0) Y {|Lpn () —L)| = Z}.
lez

Because V1 € Z, we both have L , (1) % L(I)and p(I)/n %) loo(I) € [0, 1) as well as

the fact that R, (/) (given by (6)) is a continuous function of p/n, we obtain ﬁﬁ([)(l) 4

n—oo
L(I). Therefore,

a.s.

1{‘1312,(,)(1)—“1)‘ > %} BN

n—o0

Indeed, if X, —2> X, then ¥Ye > 0, we have 1{|X,, — X| > €} <=5 0. It thus follows that
a.s.

(é,,CR - 9) 17 4700 5 0. We finally obtain that 65'% <5 .
We now turn to point i7). We may write as previously

R 1 n
\/E(GfR_g) - > ﬁ[m; 1X; e[)t,l]}—@i| LTIy

I=(N.A)QIN)

+ﬁ(é,?R —9) l{fﬁl(’v)}'
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For each partition I = (N, 1) < 1™ by applying the CLT, we obtain that

1 “ d 1
W{RT?GE?”HL”_ﬂ72;7v@ﬁ(ff1_0)'

Hence, using again that card(Z) is finite,

1 n
2 ﬁ[mzbgie[“]—e} 1,_, = 0s(1). (25)
i=l1

I=(N, )QTWN)

We shall now prove that /n (é,?R — 49) liﬁﬂN) n%) 0. In fact, according to (24), for all
[e. @)

€ > 0, we have
P(va P(7#1™)

P (sup
Iez

ér?R_ellfﬂ[(N) >6)

IA

IA

L) —L(I)‘ > g)

IA

> P(‘I:ﬂl)(l) — L(I)‘ > %) .

n—oo
IeT

where y is defined by (23). Therefore, /n (énCR — 9) lfﬂI(N) = op(1). We finally conclude

that ﬁ(é,?R - 9) — 0s(1).
We now prove the last statement iii) of the proposition. We have

n 2
w5 GG ) e

w2 | (va(age—e)) 1 {7 2 1)].

The first term of the aforementioned equation is bounded as in the proof of proposition 2 (see
inequalities (20) and (21))

., 2
3 E [% (Z (ﬁl{xi €A1} —9)) 1{1:1}}

I=(N.1)IIWN) i=1

6 | 40 662 n—1 1 2
— _ _ 2403 " p2 _
SJI—W%:«(N) [" <(1_A)3 (I_A)Z+I_A ¥ >+ ! ((1—/\) 0) }

The second term is bounded by

Eﬁwq%w_@flgﬁﬂmﬂ

IA

(N — 0)2nP (i £ 1<N>)

IA

(N — 6)2nP (sup ‘ip(l) - L(I)‘ > 7
Iez 2

I
~—

IA

W =0rn Y P(|Lp) 1| = 2

yASyA

=
~
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For each partition / € Z, according to the calculations in the proof of lemma 1, we have

; o L -
Lp(l)_L(I)_(n—l)(n—p){zukl(n le)+S11 Szl}
nn—p+1) ni 2
(n—l)(n—p)zuu( —o)
2n(n—p+1) Ny
(n— D p) Z A (G —ex)-
This leads to

; Y 1 ng (n— D —p)y
P(‘Lp(])_L(])‘ = 5) =< P(‘Xk:m (7 —Olk)‘ = W = |s21 —511|)
1 ng 2_m=Dm-py
—HP(ZW(?_O”‘) = 6n(n—p—|—l))

k
oo

ak [Nk
(£ >
2 x| ( n ak) -

According to Hoeffding’s inequality, we have

k
L e (n—1)(n—p)y
L
_P< w—nml—m')

6(2n — p)
1\ (- 2
<2exp|—2n (; I_) ((n6(221(7n_p)p)y — [s21 —511|) ,

as well as

(3

(n—=1n—p)y
Rnn—p+1) )"

(I{Xi €Ik} —ak)| =

2 |ﬁ| (=)

“(za

=P

k

[Ix|(n —1)(n — p)y
= 2P [_2( 6D —p 1) )]

(n—1)(n— p)y (n—1n—py\>
= 12n(n—p—|—1)) fzeXp[ 2nsiy’ (12n(n—p+l)) }

and

ok ) L (n=D@—p)y
|1k| )= enn—p+1)
_ k(= @ = py

Z(I{XEI"}_“") = 6Dh-p+1)

i=1

Hence, we obtain that nIP’(‘I: p(I)—L( )‘ > %) —+> 0. Finally, we conclude that
n— o0

n—oo

limsupnE [(énCR — 9)2i| < +o0.
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Appendix A: Proofs of technical lemmas

Al. Proof of lemma 1

Note that Celisse & Robin (2010) proved that E[||g — &71I3] — > 0, while we further
—00
establish that it is O(1/n). By a simple bias-variance decomposition, we may write

Eller —&113] =E[llg = &:13] ~ lles — ¢13-

As for the bias term, it is easy to show that

2
1 1
2 : 2
- = f -2 1, d 1 d
llg —grlly = inf__|llell3 /()(;k zk(x>)g(x> x+/0 (;k zk<x)) x
= inf 22 akax + Y az|l
@™ [llgllz zk: K zk: i k|

2
o
= gl —Zﬁ =lgll5 — 21
P2 k
(26)

Let us now calculate the MSE of g;
1
Elllg-2113] = ||g||§+E[||g1||%—2/0 é’I(X)g(X)dX}
1
= |lgll5+E /0 (Z s |11k(x)) dx— 2[ Z 11k(x)g(x)dx
i kO

Because ny follows a binomial distribution B(n, ax ), we have
E[ng] = nog and E [ni] = nza,% + nog (1 —ag).
Therefore,
E[llg — 2118] = llsl3 521 + (511~ 521). 1)

Using (26) and (27), we obtain the desired result, namely

. A 1 1
e (ller ~ &018] = [lle - 2/18] - ller — 61 = ~ou1 =520 = 03

n

A2. Proof of lemma 2

(i) Because lim £ < land 5k 2% 5w, for all k, we obtain that
n—oo n—oo
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N _ 5 2n—p ng nn—p-+1) ng
LoD = el + GG =y 2 ait] - 1)(n—p>z|1k|( )

2
a.s. 2 %k _ 2 o2 =
— > lleli3 ; 7y = 1813 =s21 = llgr —l3 = L(1).
(it) By definition of R(/) and using (27), we have
_ 5 112 2 _ 1 _
R =E|llg—&rllz|—Igllz = —s21 + ;(Sll 521)-

This gives that

A 2n—p 1 nx (Zn—p)\/ﬁ
ﬁ[Rp(I)—R(])] = m;m[ﬁ(Y—ak)] +msll

n(n-p+1) L ome P @nepli
_ﬁ(n—l)(n—p);m[ﬁ(Y_“")] n—D—p) !

2n(n—p+1) {
(l’l 1)(}1 p) Z |Ik|[ (__ak):l_ﬁ(sll —s21)

(n—p+1)
=n- (fo—nlxif;)Zuu[ 7 (=)
(28)

Then, using the CLT and the continuity of the function x — x2, we have

\/z(”’T" — o) o N (O, 0k (1 - ),
[\/ﬁ(%" —ak)]2 ﬁ 72 with Zg ~ N'(0, o (1 — oz ).

It thus follows that 771 = op(1). We now consider the remaining term in (28). We have
@1 ()] = 1
;|]k| ﬁ(n ak) \/—Z<Z| Xielx — 1)~
Let us denote
Ok
Yi =) mlxiern —s21
X e

Then the random variables Y1, Y>, ..., Y, are i.i.d. centred with variance

2
o K
(7% = E(le) =FE <Z ﬁl){lelk — 28521 Z mlxle[k + S%l) = 532 —S%l.
k k
By the CLT, we obtain
il Nk _ d_, 2

5 i [ ()] 2 ¥ (0,
Combining this with (28) implies that

ﬁ[zé (1) — R(I)] LN N (0,407)

4 n—o0 L)
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It is easy to calculate that

Vi (Lp(1) = L(D)) = Vi (Rp(1) = RUD) + —= (o1t =)

Hence, we have
Ji [ip(l) - L(I)] n_%x; N (0.403),

which completes the proof.

A3. Proof of lemma 3
(i) Let us denote by A* = 1 —§. If I is a subdivision of V), then I = (N,1) with

[A,1] C [A*, 1]. For example, we may have the following situation:

0 A AN 1

| | | | o | |
T T T @ T T

0 AOAN A 1
| I | I I | I I

Because g is constant on the interval [A*, 1] D [An, 1] D [A, 1], we have g7 = g; v =
g on the interval [Ay, 1]. This implies that ||g; — g3 = |lg; ) — gl13

(ii) If I = (2™, 1) is not a subdivision of ), then there are two cases to consider:
If m = Mmmax then [A, 1] € [An . 1]. For example, we may have

0 AN 1

! } } 1 e } ! I(N)

0 AN AN 1

: : : : : 1
Because g;vy = g on the interval [Ay,1] and the two partitions / and 1Y)

restricted to the interval [0, A] are the same, we thus have

gz —gll3.10.41 = llgrev — g13.10.2-

and

llgr —g||%,[x,1] —llgrav —g||%,[x,;\N]
(AN = M(a=b)* + (1 —2An)a—06)>

llgr —glI3 = llgro0 — gll3

where

1 ! 1 An
a= m/; gx)dx, b= e —AA g(x)dx.

Using the assumption that f € Fs, we obtain that L(I) > L(I ™).
If m < mmax, we may have, for example,
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0 AAN 1

T T T & T T

0 A A AN 1

As before, we may show that

llgr —g||% —llgram —gll% > |lgs —g||%,[0,x] —lgrav —g||%,[0,;\] >0,

which completes the proof.
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